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Abstract

A Lie system is a nonautonomous system of first-order differential equations pos-
sessing a superposition rule, i.e. a map expressing its general solution in terms of a
generic finite family of particular solutions and some constants. Lie-Hamilton sys-
tems form a subclass of Lie systems whose dynamics is governed by a curve in a
finite-dimensional real Lie algebra of functions on a Poisson manifold. It is shown
that Lie-Hamilton systems are naturally endowed with a Poisson coalgebra struc-
ture. This allows us to devise methods to derive in an algebraic way their constants
of motion and superposition rules. We illustrate our methods by studying Kummer—
Schwarz equations, Riccati equations, Ermakov systems and Smorodinsky—Winternitz
systems with time-dependent frequency.
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1 Introduction

The importance of geometric methods for the study of differential equations is unques-
tionable. They have led to the description of many interesting properties of differential
equations, which in turn have been applied in remarkable mathematical and physical prob-
lems [1]-[3]. Among geometric methods, we here focus on those of the theory of Lie systems
[41-[9].

Lie systems have lately been analysed thoroughly (see [9] and references therein). This
has given rise to new techniques that have been employed to study relevant differential
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equations occurring in physics [10]-[12], mathematics [13], control theory [14], economy
[15], etc.

The celebrated Lie-Scheffers Theorem [4] [7] states that a Lie system amounts to a ¢-
dependent vector field taking values in a finite-dimensional real Lie algebra of vector fields,
a so-called Vessiot-Guldberg Lie algebra of the system [4] [7]. In this work we concentrate on
analysing a subclass of Lie systems on Poisson manifolds, the referred to as Lie-Hamilton
systems [16], that admit a Vessiot—Guldberg Lie algebra of Hamiltonian vector fields with
respect to a Poisson structure.

As an example of Lie-Hamilton systems, consider the first-order system of differential
equations on O = {(z,p) € T*R | p < 0} of the form

{ i \/%7: —ap(t) — ar(t)z — as(t)2?,

W pay () + 2a5(t)2), (1)

with ag(t), ai(t), as(t) being arbitrary functions, occurring in the study of some second-order
Riccati equations [16, [17]. This system is a Lie-Hamilton system as it describes the integral
curves of the t-dependent vector field

Xt = Xl — ao(t)X2 — a,l(t)Xg — &2(t)X4,

satisfying that the vector fields { X, };cr are contained in the five-dimensional real Lie algebra
of vector fields on O spanned by
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which are additionally Hamiltonian vector fields relative to the Poisson bivector A = 9/0x A
0/0p on O. Indeed, they admit the Hamiltonian functions

hl = —2\/__7 h’2 =D, h3 =Ip, h4 = l'2p, h5 = _2$V - (3)

which span along with hg = 1 a six-dimensional real Lie algebra of functions with respect
to the Poisson bracket induced by A (see [L7] for details).

Lie-Hamilton systems can be employed to investigate remarkable dynamical sytems and
enjoy a plethora of geometric properties [16, 18|, [19] 20]. For example, the Vessiot—Guldberg
Lie algebras of Hamiltonian vector fields associated to these systems give rise to t-dependent
Hamiltonians that can be understood as curves in finite-dimensional real Lie algebras of
functions, the hereafter called Lie-Hamilton algebras [16]. This property has recently been
employed to study t-independent constants of motion of Lie-Hamilton systems [16]. Note
that ¢t generally stands for the time when referring to Lie-Hamilton systems describing a
physical system.

In this work, we first employ Lie-Hamilton algebras so as to analyse the constants of
motion for Lie-Hamilton systems. This provides some generalisations of the results given
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in [16] about t-independent constants of motion and in [20] about ¢-dependent constants
of motion for Lie-Hamilton systems. In addition, we demonstrate that several types of
constants of motion of Lie-Hamilton systems form a Poisson algebra, and we devise algebraic
procedures to derive them or, at least, to simplify their calculation.

We propose the use of Poisson coalgebra techniques to obtain superposition rules for
Lie-Hamilton systems in an algebraic manner. We recall that Poisson coalgebras are Pois-
son algebras endowed with a Poisson algebra homomorphism called the coproduct map [21].
We show that the coproduct map applied onto a Casimir function of an appropriate Pois-
son coalgebra naturally related to a Lie-Hamilton system X gives rise to t-independent
constants of motion that can be employed to study the superposition rules and the N-
dimensional generalisations of X.

Since our procedures are algebraic, they are much simpler than standard methods [6], [7],
which require the integration of systems of partial/ordinary differential equations. As an
application, we derive constants of motion and superposition rules for some Lie-Hamilton
systems of interest: Kummer—Schwarz equations in Hamiltonian form [16], systems of Ric-
cati equations [7], Smorodinsky—Winternitz systems with time-dependent frequency [22] 23],
and some classical mechanical systems [18| 24 [25].

The structure of the paper goes as follows. We describe the conventions and the most
fundamental notions to be used throughout our paper in Section 2. In Section 3, we in-
troduce the fundamental features of Lie-Hamilton systems. In Section 4, we analyse the
algebraic structure of general constants of motion for Lie-Hamilton systems. Subsequently,
we focus on the study of several relevant particular types of such constants in Section 5.
This involves the description of some new methods for their calculation. In Section 6, Pois-
son coalgebras are shown to provide new simpler methods to derive constants of motion and
superposition rules for Lie-Hamilton systems. Several examples are analysed in Section 7.
Finally, we summarise our results and plan of future research in Section 8.

2 Preliminaries

In this section we survey t-dependent vector fields [9], Poisson algebras [16] and Poisson
coalgebra structures |21} 26]. For simplicity, we generally assume functions and geometric
structures to be real, smooth, and globally defined. This permits us to omit minor technical
problems so as to highlight the main aspects of our results.

A Lie algebra is a pair (V,[-,-]), where V stands for a real linear space equipped with a
Lie bracket [-,-] : V xV — V. We define Lie(B,V, |-, -]) to be the smallest Lie subalgebra of
(V,[-,-]) containing B. When its meaning is clear, we write V' and Lie(B) instead of (V, [-, ])
and Lie(B,V, |-, ]), respectively,

A t-dependent vector field on a manifold N is amap X : (t,2) € Rx N — X(t,z) € TN
such that 7y o X = my, with m : ({,z) € RXx N +— z € N and 7y : TN — N being
the projection associated to the tangent bundle TN. This amounts to saying that X is a
t-parametrized family of standard vector fields {X;}ier, with X : 2 € N — X (t,2) € TN.
We call minimal Lie algebra of X the smallest real Lie algebra of vector fields, V~, containing



{X,}ier, namely VX = Lie({X,}icr). We can also consider each X as a vector field on
R x N by defining (X f)(t,x) = (X¢ft)(z), where f € C*°(R x N) and f; € C*°(N) stands
for fi:x e N— f(t,x) € R.

We call integral curves of X the integral curves of its suspension, i.e. the vector field
X(t,z) =0/t + X (t,r) on R x N [9, 27, 28]. Every integral curve v :t € R+ (t,2(t)) €
R x N of X satisfies the associated system to X, i.e.

o)) = (x o)) (@)
Conversely, there exists a unique X whose integral curves of the form (¢, z(t)) describe the
solutions of a system of first-order systems in normal form. This establishes a bijection
between t-dependent vector fields and such systems, which justifies to use X to designate
both X and ().
A Poisson algebra is a triple (A, x, {-,-}) consisting of an R-linear space A along with
a product x : A x A — A so that (A,x) becomes an associative R-algebra, and a Lie
bracket {-, -} on A, the so-called Poisson bracket, such that (A, {-,}) is a (possibly infinite-
dimensional) Lie algebra and

{bxc,a} =bx{c,a} +{b,a} xc, Va,b,c € A.

The above compatibility condition, the called Leibnitz rule, amounts to saying that the
Poisson bracket is a derivation of (A, x) on each factor. Contrarily to the usual convention,
the product % of our definition of Poisson algebras may be non-commutative, which simplifies
posterior definitions. We call Casimir element of A an a € A such that {c,a} = 0 for all
c € A. The set Cas(A) of Casimir elements of A is an ideal of (A, {-,-}). For simplicity,
we will sometimes write ab for the a x b. A Poisson algebra morphism is a morphism
T (Ayxa, {-}a) = (B,*p,{-, -} ) of R-algebras T : (A,*4) — (B, *p) that also satisfies
that T({a,b}a) ={T (a), T(b)}p for every a,b € A.

One of the types of Poisson algebras to be used in this paper are symmetric and universal
algebras. Let us describe their main characteristics. Given a finite-dimensional real Lie
algebra (g, [, |4), its universal algebra, Uy, is obtained from the quotient 7j/R of the tensor
algebra (T, ®) of g by the bilateral ideal R spanned by the elements v ® w —w @ v — [v, w],
with v,w € g. Given the quotient map 7 : Ty — Uy, the space Uy becomes an R-algebra
(U, ®) when endowed with the product & : Uy x U, — U, given by 7(P) @ 7(Q) = 7(P®Q),
for every P,Q € T,. The Lie bracket on g can be extended to a Lie bracket {-, -}y, on U
by imposing it to be a derivation of (U, ®) on each factor. This turns U, into a Poisson
algebra (Uy, ®, {-, }r,) [29]. The elements of its Casimir subalgebra are henceforth dubbed
as Casimir elements of g [30].

If we set R to be the bilateral ideal spanned by the elements v ® w — w ® v in the above
procedure, we obtain a new commutative Poisson algebra Sy called symmetric algebra of
(9,[-,"]g)- The elements of S; are polynomials on the elements of g. Via the isomorphism
g ~ (g")*, they can naturally be understood as polynomial functions on g* [29] [31]. The
Casimir elements of this Poisson algebra are called Casimir functions of g.



The Poisson algebras U, and Sy are related by the symmetrizer map |30, 31],[32], i.e. the
linear isomorphism A : S; — U, of the form

1 ~ ~
Awi) =7(vi), Avivi, - v) = 5 D AMusin) - .- @ Avsy) (5)
’ sell;
for all v;,,...,v; € g and with II; being the set of permutations of I elements. Moreover,
A ({v, PYu,) = {v, A7H(P)} s, VP eU,, Yveg. (6)

So, A™! maps the Casimir elements of g into Casimir elements of S;.
If (A, %4,{,-}a) and (B,*p,{-,-} ) are Poisson algebras and x4, xp are commutative,
then A ® B becomes a Poisson algebra (A ® B, *agp, {*, }aep) by defining

(a®Db) *agp (c®@d) = (axac)® (bxgd), Va,c € A, Vb,d € B,
{a®b,c®d}asn ={a,c}a®@bxpd+axsc®{bd}p.

. . . / A N . .
Similarly, a Poisson structure on A™ ='A® ... ® A can be constructed by induction.

We say that (A, x4, {-, -} a,A) is a Poisson coalgebra if (A, %4, {,-}4) is a Poisson algebra
and A @ (A, xa,{:,-}a) = (A® A, *aga, {, }aga), the so-called coproduct, is a Poisson
algebra homomorphism which is coassociative [21], i.e. (A®Id)o A = (Id ® A) o A. Then,
the m-th coproduct map A : A — A can be defined recursively as follows

(m—2)—times

—_—
A = (de.. . oldoA®)oA™D ;> (7)

and A = A®. Such an induction ensures that A is also a Poisson map.

In particular, S, is a Poisson coalgebra with primitive coproduct map given by A(v) =
v®14+1®u, forallve gC Sy The coassociativity of A is straightforward, and its m-th
generalization reads

(m—1)—times (m—2)—times (m—1)—times

(m) — — —
A")=101R®...01+ 11vR1®...01+..+1®...081Qv, YvegcCLs,.

A Poisson manifold is a pair (N, {-,-}) such that (C*(N), *,{-,-}), where “¥” stands for
the standard product of functions, is a Poisson algebra. We call {-, -} the Poisson structure
of the Poisson manifold. For instance, the dual space g* of a Lie algebra (g, [, ];) can be
endowed with the Lie—Poisson structure [33], namely

{fvg}(e) = <[df97d99]97‘9>7 f?g € Coo(g*)7 0 € g*

As every {-, f}, with f € C*(N), is a derivation on (C*(N),*), there exists a unique
vector field Xy on N, the referred to as Hamiltonian vector field associated with f, such
that Xrg = {g, f} for all ¢ € C>°(N). The Jacobi identity for the Poisson structure then
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entails Xy = —[ Xy, Xg], Vf, g € C*(N). Hence, the mapping f +— X is a Lie algebra
anti-homomorphism from (C*(N),{-,-}) to (I'(TN),[-,:]), where I'(TN) is the space of
sections of the tangent bundle to N.

As every Poisson structure is a derivation in each entry, it determines a unique bivector
field A € T(A* TN) such that

{f,9} = A(df,dg),  Vf,geCP(N). (8)

We call A the Poisson bivector of the Poisson manifold (N, {-,-}). In view of the Jacobi
identity for {-,-}, it follows that [A, A]lsy = 0, with [+, -]sn being the Schouten—Nijenhuis Lie
bracket [33]. Conversely, every bivector field A on N satisfying this condition gives rise to
a Poisson structure by formula (§]). This justifies to refer to Poisson manifolds as (N, {-,})
or (N, A) indistinctly.

Observe that (N, A) induces a unique bundle morphism A : T*N — TN satisfying
' (A(F)) = A(9,0') for every 6,0 € T'(T*N). So, Xy = —A(df), for any f € C>(N).

3 Lie systems and Lie-Hamilton systems

Recall that Lie systems are systems of first-order differential equations admitting a super-
position rule (see [7], 9] for details).

Definition 1. A superposition rule for a system X on N is a function ® : N™ x N — N
of the form x = ®(z(1),...,2um); k) allowing us to write the general solution z(t) of X as
z(t) = ®(xq)(t), .., 2um(t); k), where z(1)(t), ..., 2wm)(t) is a generic family of particular
solutions and k is a point of V.

The conditions ensuring that a system X possesses a superposition rule are described
by the Lie-Scheffers Theorem [4l [7, .

Theorem 2. A system X on N admits a superposition rule if and only if X; = > _ ba(t) X4
for a family by(t),...,b.(t) of t-dependent functions and a set of vector fields X1,..., X, on
N spanning an r-dimensional real Lie algebra, a so-called Vessiot—Guldberg Lie algebm as-
sociated to X [3]|]. In other words, X is a Lie system if and only if VX is finite-dimensional.

In order to illustrate the above concepts, let us consider a Riccati equation, i.e.

dz 2
i ag(t) + aq(t)x + ag(t)x”, (9)

where ag(t), a1(t), as(t) are arbitrary functions. Observe that ([@)) is the system associated
to the t-dependent vector field X = ao(t) X7 + a1(t) Xo + as(t) X3, where



span a Vessiot—Guldberg Lie algebra V' for (@) isomorphic to s[(2,R) [6]. The Lie-Scheffers
Theorem shows that Riccati must admit a superposition rule. Indeed, the general solution
of (@) can be brought into the form

1 (t)(w3(t) — 22(t)) + kas(t) (21 (t) — z2(t))
(25(t) = ma(t)) + k(a1 () —22(t))
where z(1)(t), 2(2)(t), 7(3)(t) are three different particular solutions and k is an arbitrary

constant. So, Riccati equations possess a superposition rule ® : (zq), z(), @) k) € R3 x
R — z € R given by

z(t) =

_ LUl(ZL’g — .CL’Q) + ]{?LU3(.§L’1 — LUQ)
(1’3 — ZL’Q) + k(l‘l - ZL’Q)
enabling us to write their general solutions as z(t) = ®(zq)(t), z(2)(t), (3)(t); k).
There exist several ways to derive superposition rules for Lie systems [7,[35]. The method

employed in this work (see [13, p. 4] and [36] for a detailed description and examples) is
based on the so-called diagonal prolongations.

Definition 3. Given a t-dependent vector field X on N, its diagonal prolongation to NmFL
is the unique t-dependent vector field X on N™*! such that:

1. Each vector field X, projects onto X; via IL : (2, - .., Z(m)) € N = 29 € N.

2. X is invariant under permutations of variables x(; <> x(;), with 4,7 =0,...,m.

Roughly speaking, we can derive superposition rules by obtaining a certain set of con-
stants of motion for an appropriate diagonal prolongation of a Lie system. In the literature,
this is usually performed by solving a system of PDEs by the method of characteristics
(cf. [16]), which can be quite laborious [36]. As seen in this work, this task can be simplified
in the case of Lie-Hamilton systems through our methods.

Definition 4. A system X on N is said to be a Lie-Hamilton system if N can be endowed
with a Poisson bivector A in such a way that V¥ becomes a finite-dimensional real Lie
algebra of Hamiltonian vector fields relative to A.

Lie-Hamilton systems enjoy relevant features, e.g. (1) admits a t-dependent Hamiltonian
h(t) = hl - a,o(t)hg — (t)hg — &2(t)h4. (10)

The functions hq,...,hs and hg = 1 given by (3]) span a six-dimensional real Lie algebra
(b6, {-,-}a). Tt is also relevant that hs ~ sl(2,R) @, b3, where sl[(2,R) =~ (hy, hs, hy),
B3 =~ (hq, hs, he) is the radical of hg, which is isomorphic to the Heisenberg—Weyl Lie algebra,
and @, stands for a semidirect sum. Additionally, hg is also isomorphic to the two-photon Lie
algebra and the (1+1)-dimensional centrally extended Schrodinger Lie algebra (cf. [37,138]).

The t-dependent Hamiltonians of the form (I0]) are called Lie—Hamiltonian structures.
More specifically, we have the following definition.



Definition 5. A Lie-Hamiltonian structure is a triple (N, A, h), where (N, A) stands for
a Poisson manifold and h : (t,2) € R x N — hy(x) = h(t,z) € N is such that the space
(Ha = Lie({ht}ter, {-, - }a), {, - }a) is a finite-dimensional real Lie algebra.

We now describe some features of Lie-Hamilton systems (see [16] for details).

Theorem 6. A system X on N is a Lie-Hamilton system if and only if there exists a
Lie—Hamiltonian structure (N, A, h) such that X, = —A(dh;) for every t € R. In this case,
we call (Ha,{-,-}A) a Lie-Hamilton algebra for X.

Proposition 7. Given a Lie-Hamilton system X on N admitting a Lie—Hamiltonian struc-
ture (N, A, h), a t-independent function is a constant of motion for X if and only if it
Poisson commutes with the elements of Ha. The family TX of t-independent constants of
motion of X form a Poisson algebra (2%, -, {-,-}a).

4 On constants of motion for Lie-Hamilton systems

The aim of this section is to present an analysis of the algebraic properties of the constants
of motion for Lie-Hamilton systems. More specifically, we prove that a Lie-Hamiltonian
structure (N, A, h) for a Lie-Hamilton system X induces a Poisson bivector on R x N. This
allows us to endow the space of constants of motion for X with a Poisson algebra structure,
which can be used to produce new constants of motion from known ones. Our achievements
extend to general constants of motion the results derived for ¢-independent constants of
motion for Lie-Hamilton systems in [16].

Given a system X on N, a constant of motion for X is a first-integral f € C*°(R x N)
of the autonomisation X of X, namely
ngXf:X'f:O, (11)
ot
where X is understood as a vector field on R x N. Using this, we can straightforwardly
prove the following proposition.

Proposition 8. The space IX of t-dependent constants of motion for a system X forms
an R-algebra (I, -).

To generalise the second statement of Proposition [7l to t-dependent constants of motion,
we endow R x N with a Poisson structure that makes Z¥ into a Poisson algebra.

Lemma 9. Every Poisson manifold (N, \) induces a Poisson manifold (R x N,A) with
Poisson structure

{f:93a(t,2) = {fi, gudale),  (t,2) € RXN. (12)

Definition 10. Given a Poisson manifold (NN, A), the associated Poisson manifold (R x
N, A) is called the autonomisation of (N, A). Likewise, the Poisson bivector A is called the
autonomisation of A.



The following lemma allows us to prove that (ZX,-,{-,-}3) is a Poisson algebra.

Lemma 11. Let (N, A) be a Poisson manifold and X be a Hamiltonian vector field on N
relative to A. Then, LzA = 0.

Proof. Given a coordinate system {xi,...,x,} for N and xy = ¢ in R, we can naturally
define a coordinate system {zo,21,...,2,} on R x N. Since (zg); = t is constant as a
function on N, then A(dzo, df) = {(zo)s, fi}a = 0 for every f € C*(R x N). Additionally,
(w;)¢ = x; for i = 1,...,n. Hence, we have that A(dx;,dz;) = {z;,z;}5 is a zp-independent
function for 7,7 =0,...,n. So,
(LgA)(t,z) = | L o i {z; :C}Ai A o (x) = (LxA)(x).
’ Bag TX ot "0 Oy
Since X is Hamiltonian, we obtain 0 = (LxA)(z) = (LgA)(t, z) = 0. O

Now, we can establish the main result of this section.

Proposition 12. Let X be a Lie-Hamilton system on N possessing a Lie—Hamiltonian

structure (N, A, h), then the space (IX, ~{+,-}a) is a Poisson algebra.

Proof. From Proposition B, we see that (ZX,-) is an R-algebra. To demonstrate that
(ZX,-,{-,-}x) is a Poisson algebra, it remains to prove that the Poisson bracket of any
two elements f, g of ZX remains in it, i.e. X{f, g}z = 0. By taking into account that the
vector fields {X;},cr are Hamiltonian relative to (N, A) and Lemma [[1], we find that A is
invariant under the autonomization of each vector field Xy with ¢ € R, i.e. EXT,/_\ = 0.
Therefore,

X{f.g}alt',2) = Xe{f, 932t ) = {Xu f, g}x(t', @) + {f, Xeg}a (Vo) = (13)
={X/, g}z, ) +{f, Xg}s(t',z) = 0.
That is, {f, g} is a t-dependent constant of motion for X. O

5 Polynomial Lie integrals for Lie-Hamilton systems

Let us formally define and investigate a remarkable class of constants of motion for Lie—
Hamilton systems appearing in the literature [20, [39], the hereafter called Lie integrals,
and a relevant generalization of them, the polynomial Lie integrals. We first prove that
Lie integrals can be characterised by an Euler equation on a finite-dimensional real Lie
algebra of functions, retrieving as a particular case a result given in [20]. Then, we show
that Lie integrals form a finite-dimensional real Lie algebra and we devise several methods
to determine them. Our results can easily be extended to investigate certain quantum
mechanical systems [40]. Finally, we investigate polynomial Lie integrals and the relevence
of Casimir functions to derive them.



Definition 13. Given a Lie-Hamilton system X on N possessing a Lie-Hamiltonian struc-
ture (N, A, h), a Lie integral of X with respect to (N, A, h) is a constant of motion f of
X such that {fi}ier € Ha. In other words, given a basis hq,...,h, of the Lie algebra
(Ha, {-,-}a), we have that Xf = 0 and f; = >.._, fa(t)h, for every t € R and certain
t-dependent functions fi,..., f,.

The Lie integrals of a Lie-Hamilton system X relative to a Lie-Hamiltonian structure
(N, A, h) are the solutions of the equation
0 9]
0=Xf= f /

;HXf =S h}A:> —{h [

Since f and h can be understood as curves t — f;and t — g, Wlthln Ha, the above equation
can be rewritten as
dft

= {hs, fi}a, (14)

which can be thought of as an Euler equatlon on the Lie algebra (Ha, {-,-}a) [12]. Equations
of this type quite frequently appear in the literature such as in the Lewis—Riesenfeld method
and works concerning Lie-Hamilton systems [20, 39], 40].

5.1 Algebraic structure of Lie integrals

Previous to the description of methods to solve equation (I4)), let us prove some results
about the algebraic structure of its solutions and the equation itself.

Proposition 14. Given a Lie-Hamilton system X with a Lie—Hamiltonian structure (N, A, h),
the space £ of Lie integrals relative to (N, A, h) gives rise to a Lie algebra (£2,{-,-}3) iso-
morphic to (Ha,{-,-}a)-

Proof. Since the Lie integrals of X are the solutions of the system of ODEs (I4]) on H,, they
span an R-linear space of dimension dim #H,. In view of Proposition [I2] the Poisson bracket
{f, g}x of two constants of motion f, g for X is another constant of motion. If f and g are
Lie integrals, the function {f, g}z is then a new constant of motion that can additionally
be considered as a curve t — {f;, g:} o taking values in H,, i.e. a new Lie integral.
Consider now the linear morphism & : f € £8 — f; € H, relating every Lie integral to
its value in H, at t = 0. As every initial condition in H, is related to a single solution of (I4)),
we can relate every v € H, with a unique Lie integral f of X such that fy = v. Therefore,
&o is an isomorphism. Indeed, it is a Lie algebra isomorphism since ({f,g}z)o = {fo,90}a
for every f,g € £8. O

Proposition 15. Given a Lie-Hamilton system X on N possessing a Lie—Hamiltonian
structure (N, A, h), then £ consists of t-independent constants of motion if and only if Ha
1s Abelian.

Proof. If (Ha, {-,-}a) is Abelian, then { f, b} o = 0 and the system (I4]) reduces to df;/dt =
0, whose solutions are of the form f; = g € H,, i.e. £8 = H,. Conversely, if £ = H,, then
every g € H, is a solution of (I4]) and {g, h;}» = 0 Vt € R. Hence, every g € H, commutes
with the whole H,, which becomes Abelian. O
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5.2 Reduction techniques for the determination of Lie integrals

Let us turn to the study of (I4) through the methods of the theory of Lie systems. A
first approach to this topic can be found in [12, 20, 41]. To start with, we prove that
system (I4)) is a Lie system related to a Vessiot—Guldberg Lie algebra V' isomorphic to
(Ha/Z(Ha), {-, - Fa)-

Let {hy,...,h.} be a basis for Hy, we can write hy = > .. _, by(t)h, for certain t-

a=1

dependent functions by, ..., b,. In addition, system (I4]) becomes

U Zb

where Y, (f;) = adp, (fy), with o« = 1,...,r and ad : f € Ha — ads(g) = {f,g}a € Ha is
the adjoint representation of H,. The vector fields Yi,...,Y, are the fundamental vector
fields of the adjoint action Ad : Gy X Hpn — Ha of a Lie group G, with Lie algebra
isomorphic to H,. Consequently, they span a finite-dimensional real Lie algebra of vector
fields isomorphic to Imad ~ Hy/kerad = Ha/Z(Hy), where we write Z(H,) for the
center of (Ha,{-,-}a). So, (I4]) is a Lie system related to a Vessiot—Guldberg Lie algebra
isomorphic to (Ha/Z(Ha),{:, }a)-

Instead of applying the standard approaches of the theory of Lie systems to (I4]) (see for
instance [0 [7, O, 42]), we hereafter derive a more straightforward new method based upon
Lie-Hamilton systems that provides similar results.

If Z(H,) is not trivial, its elements are Lie integrals of X. More generally, if (Hx, {-,-}a)
is solvable, H, admits a flag of ideals [43], i.e. there exists a family H1,. .., H,—1 of ideals
of Hp satisfying that

HAE,HQDHlD...D,HT_1DHT:O, dimHk—l/szl, ]{321,...,7‘.

Hence, we can construct an adapted basis {hq,...,h,} of Ha such that {hg,..., h,} form
a basis for Hy_y for k =1,...,r. If o < 3, we have H, D Hp and, as Hp is an ideal, we
see that {ha,hg}r € Hz. Consequently, if we write f; = D! | fo(t)hq and {hq, hg}r =
=1 Capyhy, equation (1) reads

Z <dfah +Zbﬁfa{haah6}A) = Z (dfa + Z bﬁf'yc’Yﬁa) o 0’

a=1 a=1 By=1

where ¢,3, = 0 for a < max(v, #). Therefore, we obtain the easily integrable system

dfa d
f ZT(JB fﬁ) CY:].,...,T, — d_{:T(t)f> feHAa
where T'(t) is a lower triangular r x r matrix with entries Ty, (t) = — 35 bs(t)cyp0 and
f=(f,..., fr)T is considered as an r x 1 matrix.
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The previous method can be generalised for any Lie-Hamilton algebra. Let us use a
Levi decomposition [43] for (M, {-,-}a) by writing Ha = (Hs, © ... ® Hs,) ®s H,, where
He, @ ... D H,, is a direct sum of simple subalgebras of H,, the Lie subalgebra #, is its
radical, i.e. its maximal solvable ideal, and @, stands for a semidirect sum. Let us also
denote \; = dimH,, for i = 1,...,p and r = dimH,. Then, every element f € H, can be
written in a unique way as f, + fs, +...+ fs,, where f, € H, and f,, € H,, fori=1,...,p.
Proceeding as before, we can choose a basis hq, ..., h, adapted to a flag decomposition of
the solvable Lie algebra H, and extend it to a basis of H, by choosing a basis hfi), ey h(;)
for each H,,. In this way, we obtain that

d - dfs, .
Yo o1+ B0 T=cmp,. i=1...n (15)
=1

where, as before, T'(t) is a lower triangular r x r matrix, while B;(t) and C;(t) are r x \;
and \; X \; matrices with t-dependent coefficients for ¢ = 1,...,p. Consequently, the initial
system (I4) reduces to working out the equations for f, ,..., f,, in each H,, separately.
From that, f, can be determined through an affine system whose homogeneous associated
system is easily integrable.

If Hy is a simple Lie algebra, (3] is just an expression in coordinates of the system
(I4), which does not provide any simplification. However, when H, is a non-simple one,
our techniques do simplify the calculation of Lie integrals. Although similar results can be
achieved by using the procedure developed in [42] that, nevertheless, requires the use of
certain transformations and integrations of ODEs, which are here unnecessary.

5.3 Polynomial Lie integrals and Casimir functions

We here investigate a generalization of Lie integrals: the hereafter called polynomial Lie
integrals. Although we prove that these constants of motion can be determined by Lie
integrals, we also show that their determination can be simpler in some cases. In particular,
we can obtain polynomial Lie integrals algebraically by means of the Casimir functions
related to the Lie algebra of Lie integrals.

Definition 16. Let X be a Lie-Hamilton system admitting a compatible Lie-Hamiltonian
structure (N, A, h). A polynomial Lie integral for X with respect to (N, A, h) is a constant
of motion f for X of the form f, =Y, ,, Ar(t)h!, where the I’s are r-multi-indexes, i.e. sets

(41, ..,4,) of nonnegative integers, the set M is a finite family of multi-indexes, the A;(t)
are certain t-dependent functions, and h! = h{' - ... hi" for a fixed basis {hy,...,h,} for
Ha.

The study of polynomial Lie integrals can be approached through the symmetric Lie
algebra Sy, where g ~ H,.

Lemma 17. Every Lie algebra isomorphism ¢ : (g, [-,-|s) = (Ha,{-,-}a) can be extended
in a unique way to a Poisson algebra morphism D : (Sy, -, {-, }s,) = (C®(N),-, {-,-}a)-
Indeed, if {vy,...,v.} is a basis for g, then D(P(vy,...,v,)) = P(¢(vy1),...,6(v,)), for
every polynomial P € Sy.
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The proof is addressed in the Appendix. Recall that “-” denotes the standard product
of elements of S; understood as polynomial functions on S;. It is remarkable that D
does not need to be injective, which causes that S; is not in general isomorphic to the
space of polynomials on the elements of a basis of H,. For instance, consider the Lie
algebra isomorphism ¢ : (sl(2,R), [, “Jsi2r)) — (Ha, {+,-})a, with {v1, v, v3} being a basis
of 51(2,R), of the form ¢(vy) = p?, ¢(ve) = xp and ¢(v3) = 2% and {-, -} being the standard
Poisson structure on T*R. Then, D(viv3 — v3) = ¢(v1)d(v3) — ¢?(vq) = 0.

The following notion allows us to simplify the statement and proofs of our results.

Definition 18. Given a curve P, in Sy, its degree, deg(F), is the highest degree of the
polynomials { P, };cg. If there exists no finite highest degree, we say that deg(P;) = oc.

Proposition 19. A function f is a polynomial Lie integral for a Lie—Hamilton system
X with respect to the Lie—Hamiltonian structure (N, A, h) if and only if for every t €
R we have f;, = D(P,), where D is the Poisson algebra morphism D : (Sg, -, {-,-}s,) —
(C®(N), -, {-,-}a) induced by ¢ : (g, [, ]g) = (Ha,{-,-}a), and the curve P, is a solution of

finite degree for

dpP
E + {P, wt}sg =0, Pe Sg, (16)

where w; stands for a curve in g such that D(w;) = hy for every t € R.

Proof. Let P, be a particular solution of (I6]). Since D is a Poisson algebra morphism and
h: = D(w;) for every t € R, we obtain by applying D to (I6) that

dD(P,) IdD(P)
ot ot

So, D(P,) is a Lie integral for X. Note that this does not depend on the chosen curve wy
satisfying D(w;) = hy.

Conversely, given a polynomial Lie integral f for X, there exists a curve P, of finite
degree such that D(P;) = f; for every t € R. Hence, we see that

+{D(R), D(wy)}z =

+{D(F), hi}z = 0. (17)

dP, OD(P, dP,

D (L tpwnds, ) = 28 4 ip(p), Dy =0 = S 4 (R wds, = 6
dt ot dt

where &, is a curve in ker D. As deg(dP,/dt) and deg({F;, w;}s,) are at most deg(F;), then

deg(&;) < deg(FP;). Next, consider the equation

dn

dt
Note that this equation is well defined. Indeed, since deg(n) < deg(P) and deg(w;) < 1 for
every t € R, then deg({n,w}s,) < deg(P) for all t € R. In addition, as D(rn,) C ker D,
then {n,w;}s, € ker D. Then, the above equation can be restricted to the finite-dimensional
space of elements of ker D with degree at most deg(P,). Given a particular solution 7, of this
equation, which exists for the Theorem of existence and uniqueness, we have that P, — 1, is
a solution of (I6) projecting into f;. O

+ {n, wi}s, = &, deg(n) < deg(P) and 1 CkerD.
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Proposition 20. Every polynomial Lie integral f of a Lie—Hamilton system X admitting
a Lie-Hamiltonian structure (N, A, h) can be brought into the form f =", ., cil’, where
M is a finite set of multi-indexes, the ¢;’s are certain real constants, and ' = fi* - ... fir,
with fi,..., f, being a basis of the space L.

Proof. From Proposition [[9] we have that f;, = D(F;) for a solution P; of finite degree p for
(16). So, it is a solution of the restriction of this system to P(p, g), i.e. the elements of Sy of
degree at most p. Given the isomorphism ¢ : g — Ha, define ¢~*(f;), with j =1,...,7, to
be the curve in g of the form ¢ — ¢~(f;);. Note that v; = ¢~ (f1)o,-..,vr = ¢ (f,)o form
a basis of g. Hence, their polynomials up to order p span a basis for P(p, g) and we can write
Py =Y jeperv’, where of =o' ool As B =30 e[0T (fOlE o [0 (f)]E and P
are solutions with the same initial condition of the restriction of (I6l) to P(p, g), they must be
the same in virtue of the Theorem of existence and uniqueness of systems of differential equa-
tions. Applying D, we obtain that f, = D(P,) = D(3_,cprcrld™ (fr)d™ - [07 (o)) =
> rencili. O

Corollary 21. Let X be a Lie-Hamilton system that possesses a Lie—Hamiltonian structure
(N, A, h) inducing a Lie algebra isomorphism ¢ : g — Ha and a Poisson algebra morphism
D :S; — C®(N). The function F' = D(C), where C is a Casimir element of Sy, is a t-
independent constant of motion of X. If C is a Casimir element of Uy, then F' = D(A7!(C))
is t-independent constant of motion for X.

Note that if C' is a constant of motion for X, it is also so for any other X’ whose
VX" c VX, From Proposition 20l and Corollary 211 it follows that F' = D(C) = Srem el
Therefore, the knowledge of Casimir elements provides not only constants of motion for
Lie-Hamilton systems, but also information about the Lie integrals of the system.

As Casimir functions are known for many Lie algebras, we can use them to derive
constants of motion for the corresponding Lie-Hamilton systems algebraically instead of
applying the usual procedure, i.e. by solving a system of PDEs or ODEs.

In particular, Casimir functions for (semi)simple Lie algebras of arbitrary dimension are
known [44] 45]. The same is true for the so-called “quasi-simple” Lie algebras, which can
be obtained from simple Lie algebras through contraction techniques [46]. Moreover, the
Casimir invariants (Casimir elements of the Poisson algebra (C*°(g*),{-,-})) for all real Lie
algebras with dimension d < 5 were given in [47] (recall that the Casimir invariants for some
of the solvable cases are not polynomial, i.e. they cannot be considered as elements of Sy),
and the literature dealing with Casimir invariants for solvable and nilpotent Lie algebras is
not scarce (see, e.g. [48, 49, 50]).

6 Superposition rules from Poisson coalgebras
We here prove that each Lie-Hamiltonian structure (N, A, h) for a Lie-Hamilton system X
gives rise in a natural way to a Poisson coalgebra (Sy, -, {-, }s,, A) where g ~ (Hu, {-,-}a).

This allows us to use the coproduct of this coalgebra to construct new Lie-Hamiltonian
structures for all the diagonal prolongations of X and to derive algebraically t-independent
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constants of motion for such diagonal prolongations. In turn, these constants can further
be employed to obtain a superposition rule for the initial system. Our findings, which
are only applicable to “primitive” Poisson coalgebras, are rigorous demonstrations and
generalisations of previous achievements established in [19, 26] 51].

6.1 Poisson coalgebras for Lie-Hamiltonian structures

Lemma 22. Given a Lie-Hamilton system X with a Lie—Hamiltonian structure (N, A, h),
the space (Sg, -, {-, }s,: A), with g ~ (Ha,{:,-}a), is a Poisson coalgebra with a coproduct
A Sy — Sy ® Sy satisfying

Av) =11+ 1®mw, Vv e g C S (18)

Proof. We know that (Sg,-,{-,-}s,) and (S; ® Sy, 5,09, {*+ "} s,25,) are Poisson algebras.
The coassociativity property for the coproduct map (I8) is straightforward. Therefore,
let us prove that there exists a Poisson algebra morphism A : (Sg, -, {-,-}s,) — (5 ®
Sg, 5,055 175 } 5,05, ) satisfying (I8), which turns (Sg, -, {-,-}s,, A) into a Poisson coalgebra.

The elements of S, of the form v/ = i - ... v, where the I’s are r-multi-index with
r = dim g, form a basis for S; (considered as a linear space). Then, every P € S; can be
written in a unique way as P =,/ A vl where the \; are real constants and I runs all
the elements of a finite set M. In view of this, an R-algebra morphism A : S; — S; ® Sy is

determined by the image of the elements of a basis for g, i.e.
AP) = MA@ =3 NA@!) - A, (19)
I I

Therefore, two R-algebra morphisms that coincide on the elements on g are necessarily the
same. Hence, if there exists such a morphism, it is unique. Let us prove that there exists
an R-algebra morphism A satisfying (I8]).

From (I9), we easily see that A is R-linear. Let us also prove that A(PQ) = A(P)A(Q)
for every P,Q € Sy, which shows that A is an R-algebra morphism. If we write @ =
> sen Asv”, we obtain that

APQ) =" < > Am) AWS) = ST NAW) I NAEY) = AP)AQ).

K I+J=K

Finally, we show that A is also a Poisson morphism. By linearity, this reduces to proving
that A({v’,v7}s,) = {A@W"), A(v”)}s,es,- If [I| = 0 or |J| = 0, this result is immediate
as the Poisson bracket involving a constant is zero. For the remaining cases and starting
by |I| + |J]| = 2, we have that A({va,vs}ts,) = {A(va), A(vs)} 5,5, Vo, = 1,...,7
Proceeding by induction, we prove that this holds for every value of |I| 4 |J|; by writing

vl = v’y and using induction hypothesis, we get

A(f!0hs) = A({ofe07)s, ) = A (T, 07hsel + 0 (o], 0%}, )
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= (AN, AW g o A0 + AN {AE), AW
= {8ENAE AN} = (A0, A0 g,

Sg®Sq
]

The coproduct defined in the previous lemma gives rise to a new Poisson algebra mor-
phism as stated in the following immediate lemma.

Lemma 23. The map A™ : (Sy, -, {-,-}s,) = (Sém), “sm)s 10 oom) 5 with m > 1, defined
g g
by recursion following (1) with A® = A given by (I8), is a Poisson algebra morphism.

The injection ¢ : g — Hy C C*®(N) is a Lie algebra morphism that can be ex-
tended to a Poisson algebra morphism D : Sy — C*(N) of the form D(P(vy,...,v,)) =
P(u(vq),...,t(v,)). Recall that this map need not to be injective.

Lemma 24. The Lie algebra morphism g — C(N) gives rise to a family of Poisson
algebra morphisms D™ Sém) — C®(N)™ c C®°(N™) satisfying, for all vy,..., v, €
g C Sy, that

[D(m) (U1 ®X...Q Um)} (x(l), ce ,x(m)) = [D(vl)](:c(l)) ol [D(vm)](:c(m)), (20)

where x;) is a point of the manifold N placed in the i-position within the product N x ... x
N = N™.

6.2 Constants of motion from Poisson coalgebras

From the above results, we can easily demonstrate the following statement which shows
that the diagonal prolongations of a Lie-Hamilton system X are also Lie-Hamilton ones
admitting a structure induced by that of X.

Proposition 25. If X is a Lie-Hamilton system on N with a Lie-Hamiltonian structure
(N, A, h), then the diagonal prolongation X to each N™! is also a Lie—Hamilton system
endowed with a Lie-Hamiltonian structure (N™1 A™ B given by A™ Nz, ..., Tm)) =
S o Az ), where we make use of the vector bundle isomorphism TN™ ~ TN @ --- &
TN, and hy = D™D (A (R,)), where D™D s the Poisson algebra morphism (20)
induced by the Lie algebra morphism g <— Hy C C®°(N).

The above results enable us to prove the following theorem that provides a method to
obtain t-independent constants of motion for the diagonal prolongations of a Lie-Hamilton
system. From this theorem, one may obtain superposition rules for Lie-Hamilton systems
in an algebraic way. Additionally, this theorem is a generalization, only valid in the case
of primitive coproduct maps, of the integrability theorem for coalgebra symmetric systems
given in [26].
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Theorem 26. If X is a Lie-Hamilton system with a Lie—Hamiltonian structure (N, A, h)
and C is a Casimir element of (Sg,-,{, }s,), where g ~ Hy, then:
(i) The functions defined as

FO = DAY, k=2,...,m, (21)

are t-independent constants of motion for the diagonal prolongation X to N™. Furthermore,
if all the F®) are non-constant functions, they form a set of (m—1) functionally independent
functions in involution.

(i) The functions given by

FP =5,(F®),  1<i<j<k,  k=2...m, (22)

where Sj; is the permutation of variables x;y <+ x(;), are t-independent constants of motion
for the diagonal prolongation X to N™.

(k—j)—times

i —
Proof. Every P € Sg(] ) can naturally be considered as an element P® 1®...®1 & Sg(k).
Since j < k, we have that {AW(3), A®(v)} 09 = {AD(8), AV (v)} (i), VD, v € g. So,
g g

(AD(O), A(k)(“)}sé’“) = {AU(), A(j)(v)}séﬁ =AU ({C, v}séj)) =0.

Hence, by using that every function f € C°°(N’) can be understood as a function 7*f €
C>(N*), being m : N7 x N¥=3 — NJ the projection onto the first factor, and by applying
the Poisson algebra morphisms introduced in Lemma [24] we get

{DD(AD(C)), DPAB ()}, = {FD, DF(AB ()} =0, Yo e g,

which leads to {F W F (k)} Ax = 0, that is, the functions @I) are in involution. By con-
struction (see Lemma [23)), if these are non-constant, then they are functionally independent
functions since FU) lives in N7, meanwhile F®*) is defined on N*.

Let us prove now that all the functions (2I]) and (22]) are ¢t-independent constants of
motion for X. Using that Hy ~ g and X; = Ao dh;, we see that X can be brought into
the form X, = —Aodo D(v;) for a unique curve t — vy in g. From this and Proposition
23], it follows

X, = —A" 0 dD™ (A (1)) = X,(F®) = {D®(A®B(C)), DA™ ()}, = 0.

Then, F®) is a common first-integral for every X,. Finally, consider the permutation
operators S;;, with 1 <1i < j <k for k =2,...,m. Note that
0=25, {F(lc)7 D(m)(A(m) (Ut))}Am — {Sij F(k ), Si; (D(m A(m (vr) )}Am
= [P0 D)) = K

LY A™

(k)

Consequently, the functions F};” are t-independent constants of motion for X. O
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Note that the “omitted” case with £ = 1 in the set of constants (2I]) is, precisely, the
one provided by Corollary 2l as F(Y) = F' = D(C). Depending on the system X, or more
specifically, on the associated H,, the function F' can be either a useless trivial constant
or a relevant function. It is also worth noting that constants (22]) need not be functionally
independent, but we can always choose those fulfilling such a property. Finally, observe
that if X’ is such that VX c V¥, then the functions (2I)) and (22) are also constants of
motion for the diagonal prolongation of X’ to N™.

7 Applications

Let us illustrate our methods through the analysis of systems of physical and mathematical
relevance. We firstly use the techniques described in Section 5.3 to easily retrive the so-
called Lewis—Riesenfeld invariant for Ermakov systems [52] and the ¢-independent constant
of motion for a system of Riccati equations employed to construct the superposition rule
for Riccati equations [7]. Secondly, we use the coalgebra approach developed in Section
6 to deduce superposition rules for Kummer—Schwarz equations [13], [63], Smorodinsky—
Winternitz systems [22], 23] with time-dependent frequency and also for a classical system
with trigonometric nonlinearities, whose integrability has recently drawn some attention
[18, 54]. As we avoid the integration of PDEs or ODEs used in standard methods, our
techniques are simpler than previous ones.

7.1 Classical Ermakov systems

Let us consider the classical Ermakov system [9]:
jf?g/‘ = W (t)z + &,
W =ty

with a non-constant t-dependent frequency w(t), being b a real constant. This system
appears in a number of applications related to problems in quantum and classical mechanics
[52]. By writting this system as a first-order one

de __ dvy, 2 b
{ g~ & _WQ(W M (23)
d_lt/ = Uy, d_ty = —w (t)y>

we can apply the theory of Lie systems. Indeed, this is a Lie system related to a Vessiot—
Guldberg Lie algebra V' isomorphic to sl(2,R) [10]. In fact, system (23]) describes the
integral curves of the t-dependent vector field X = X3 + w?(t) X, where the vector fields

0 0 1(1)8 0 0 8)’X3_ 0 o b 0

Xo== (vg=—4v,— — — = Vg Uy =— + — —,
2 v, yavy ox yay oxr Yoy a3 0v,

Xi= o2y 2
! x@vx y&vy’ 2

satisfy the commutation relations

(X1, Xo] = X, (X1, X3] = 2X,, [Xo, X3] = X3. (24)
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As a first new result we show that this is a Lie-Hamilton system. The vector fields
are Hamiltonian with respect to the Poisson bivector A = 0/0x A /v, + 0/0y A 0/dv,

provided that X, = —A(dh,) for « = 1,2,3. Thus, we find the following Hamiltonian
functions which form a basis for (Ha, {-,-}a) =~ (sl(2,R), [, ]):

Loy 9 1 2, 2,0
h1:§(:)3 +y°), h2:—§(xvx+yvy), hs = = (vm+vy+ﬁ ,
as they fulfil

{h1,ha} = —hy, {h1, h3} = —2hy, {ha, h3} = —hs. (25)

Since X = X3 + w?(t)X; and w(t) is not a constant, every t-independent constant of
motion f for X is a common first-integral for X, X5, X3. Instead of searching an f by
solving the system of PDEs given by X;f = Xof = X3f = 0, we use Corollary 21l This
easily provides such a first integral through the Casimir element of the symmetric algebra
of sI(2,R). Explicitly, given a basis {vy, vo, v3} for sl(2, R) satisfying

[Uh Uz] = —q, [U1,U3] = —2u,, [U2,U3] = —U3, (26)

the Casimir element of sl(2,R) reads C = %(1)1@1)3 + 13Q0;) — V2@V, € Usi2,r)- Then, the
inverse of symmetrizer morphism (&), A\7! : Usizr) — Sai2,r), gives rise to the Casimir
element of SgoR):

C =\24C) = vvs —v3. (27)
According to Lemma [I7] we consider the Poisson algebra morphism D induced by the
isomorphism ¢ : sl(2,R) — H, defined by ¢(v,) = h, for a = 1,2,3. Subsequently, via
Corollary 21}, we obtain

2

F = D(C) = ¢(v1)(v3) — ¢*(v2) = hihg — b3 = (v, — v,9)* + b (1 + %) :

In this way, we recover, up to an additive and multiplicative constant, the well-known
Lewis—Riesenfeld invariant [52]. Note that when w(t) is a constant, then V¥ C V and the
function F' is also a constant of motion for X (23).

7.2 Riccati equations

Let us turn to the system of Riccati equations on O = {(x1, 22, x3,24) | # 5,0 # j =
1,...,4} C R%, given by

dz i
dt

= ao(t) + a1 (t)z; + aq(t)z?, i=1,...,4, (28)

where ag(t),ai(t),as(t) are arbitrary t-dependent functions. The knowledge of a non-
constant t-independent constant of motion for any system of this type leads to obtaining a
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superposition rule for Riccati equations [7]. Usually, this requires the integration of a sys-
tem of PDEs [7] or ODEs [6]. As in the previous subsection, we obtain such a t-independent
constant of motion through algebraic methods by showing that (28)) is a Lie-Hamilton sys-
tem with a given Lie-Hamiltonian structure and obtaining an associated polynomial Lie
integral.

Observe that (28] is a Lie system related to a t-dependent vector field X = ao(t) X1 +
a1(t) Xa + a2(t) X5, where

4

4
Xlzzai’i’ XQIZZL’Z'%, X3:ZIZ282:Z

i=1 =1

span a Vessiot—Guldberg Lie algebra V' for (28) isomorphic to s[(2,R) satisfying the same
commutation relations (24). For simplicity, we assume VX = V. Nevertheless, our final
results are valid for any other case.

To show that (28)) is a Lie-Hamilton system for arbitrary functions ag(t), ai(t), as(t),
we need to search for a symplectic form w such that V' consists of Hamiltonian vector fields.
By impossing Lx w = 0, for a = 1,2, 3, we obtain the 2-form

dl‘l N dLE‘Q d.ﬁlfg VAN dSL’4
W = ,
(1 —x2)? (23 — 4)?

which is closed and non-degenerate on O. Now, observe that vy w = dh,, with a =1,2,3
and

1 1 1 1+ T2 T3+ Ty T1T2 T3y
h'l = + ) h2 =3 + ) h3 - + .
Tr1 — X2 T3 — T4 2 r1 — T2 T3 — X4 Tl — X2 T3 — Xy

So, hi, hy and hz are Hamiltonian functions for X;, X5 and X3, correspondingly. Using the
Poisson bracket {-,-}, induced by w, we obtain that h, hy and hs satisfy the commutation
relations (28]), and ((hy, ha, h3), {-, }o) =~ sl(2,R). Next, we again express s[(2,R) in the
basis {v1, v, v3} with Lie brackets (26) and Casimir function (27)), and we consider the
Poisson algebra morphism D : Sg2r) — C*°(O) given by the isomorphism ¢(v,) = hq for
a=1,2,3. As (O,{-, - }o, i = ag(t)h1 + a1(t)ha + ao(t)hs) is a Lie-Hamiltonian structure
for X and applying Corollary 21}, we obtain the ¢-independent constant of motion for X:

(21— 24) (22 — 73)
(21 — m2) (w3 — 24)

As in the previous example, if VX C V, then F is also a constant of motion for X. It is worth
noting that F' is the known constant of motion obtained for deriving a superposition rule
for Riccati equations [0, [7], which is here deduced through a simple algebraic calculation.
It is also interesting that V' also becomes a Lie algebra of Hamiltonian vector fields with
respect to a second symplectic structure given by w = qu <j (i x’_/\i:gé . Consequently, the
system (28)) can be considered, in fact, as a bi—Lie—-Hamilton system.
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7.3 Second-order Kummer—Schwarz equations in Hamiltonian form

It was proved in [16] that the second-order Kummer—Schwarz equations [55, [56] admit a
t-dependent Hamiltonian which can be used to work out their Hamilton’s equations, namely

de  _ pz®

. — 2
dp _ _ 3p%z2  bg + 4by (t) (29)
at 4 4 xz2

where b (t) is a non-constant t-dependent function, (z,p) € T*R, with Ry = R — {0},
and by is a real constant. This is a Lie system associated to the ¢-dependent vector field
X = X5+ by (t) X, [16], where the vector fields

40 0 0 Cpxt 0 1, L, 0
1= 2oy X2—$%—Pa—pa X3—78—x—1(3p36’ +bo)8_p

span a Vessiot—-Guldberg Lie algebra V' isomorphic to sl(2,R) fulfilling (24]). Moreover, X
is a Lie—Hamilton system, as V' consists of Hamiltonian vector fields with respect to the

~

Poisson bivector A = 9/0x A 9/0p on T*Ry. Indeed, X, = —A(dh,), with a = 1,2,3 and

4

hl = E’ hg = xp, hg = (p2$3 + bol’) (30)

RS

are a basis of a Lie algebra isomorphic to s[(2,R) satisfying the commutation relations
[25). Therefore, (29)) is a Lie-Hamilton system possessing a Lie-Hamiltonian structure
(T*Ro, A, h), where ht = h3 + bl (t)hl

To obtain a superposition rule for X we need to determine an integer m so that the
diagonal prolongations of X, to T*Ry" (a = 1,2, 3) become linearly independent at a generic
point (see [7,[13]). This happens for m = 2. We consider a coordinate system in TR}, namely
{zay, Py, T2): P2), ©3), Py }- A superposition rule for X can be obtained by determining
two common first integrals for the diagonal prolongations X, to T*R} satisfying

O(Fh, F)

a(517(1),29(1)) 70 (31)

Instead of searching Fy, F in the standard way, i.e. by solving the system of PDEs given
by X.f = 0, we make use of Theorem This provides such first integrals through the
Casimir element C' (27) of the symmetric algebra of H, ~ sl(2,R). Indeed, the coproduct
(IRX) enables us to define the elements

AC) = A(v)A(v3) = A’ = (1 @1 +100) (1301 +1@v3)— (1, @1+ 1 ® vy)?,
A(s)(C) = A(3)(U1)A(3)(U3) —A(3)(U2)2 = (’Ul ®1®1+1®’01 ®1+1®1®U1) X
(13R101+101R1+1R1Q1;) — (1nRI®1+1Q01R1+101® )%,

for 55([2()2 g and 55(;3()2 gy Tespectively. By applying D, D® and D® coming from the iso-
morphism ¢(v,) = h, for the Hamiltonian functions (30), we obtain, via Theorem 26| the
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following constants of motion of the type (21):

F = D(C) = hy(x1,p1)hs(z1,p1) — h3(x1, p1) = bo,
F(2) = D(2)(A(C)) = (hl(l’l,]h) + hl(xg,pz)) (h3(1’1,p1) + hg(i(fg,])Q))

— (ha(z1,p1) + ha(22,p2))* = bo(x1+x2)2;?zlx%_p2x%)2 = bO(x%H%)L(i:x%_pzx%)Q + 2bo,

F® = DO(AC)) = S8 hu(wap) Y0 bl py) — (S0 ol pi))

_ 23 bo(wita;)* +(pizf—pa})® 3b
— L1<i<y Tz 0

where, for the sake of simplicity, hereafter we denote (x;,p;) the coordinates (), pg)).
Thus F' simply gives rise to the constant by, while F’ 2) and F® are, by construction, two
functionally independent constants of motion for X fulfilling (31]) which, in turn, allows us

to to derive a superposition rule for X. Furthermore, the function F® = Ff? provides
two other constants of the type () given by F\2) = Si3(F®) and F\2) = Sy (F®) that
verify F®) = F@ 4 F2) 4 2 31y Since it is simpler to work with Fi2) than with F®),
we choose the pair F®, F2)
superposition rule. We set

as the two functionally independent first integrals to obtain a

F® =k +2by,  F2 = ky+ 2by, (32)

and compute z1,p; in terms of the other variables and ky, ko. From (32)), we have

2 2 2
paxs £ \/ k1129 — bo(2] +
y4 =p1(931>552,p2,933,293,k1): 22 \/ - 1; 0( . 2)- (33)
1

Substituying in the second relation within (82)), we obtain

A’By + byB_ (2% — 22) £ 2AVT
B2 + 4by A2 ’

x1 = x1(%a, P2, T3, P3, k1, ko) = (34)

provided that the functions A, B4, T are defined by

A = poal — paai, By = kyxo £ kyas,
T = A2 [k‘lkgl'gl’g — ng(l’g + ZL’%) — b0A2] + bol’gl’gB_(k‘gl’g — k’ll'g) — bg(l’% — l’%)z

By introducing this result into (33]), we obtain p; = pi(xs, pa, T3, p3, k1, ko) which, along
with x1 = x1(x9, pa, 3, p3, k1, k2), provides a superposition rule for X.
In particular for (29) with by = 0 it results

A2 (B+ +9 /]{71]{7251721’3) e <B_p2$% + A\/lﬁ?ll’g (B+ + 2y ]{71]{321’21’3) )
B B% e Al (B+ + 2\/ ]{51]{725(72253 )2

where the functions A, By remain in the above same form. As the constants of motion
were derived for non-constant by (¢), when b (t) is constant we have V¥ C V. As a conse-
quence, the functions F', F’ ) F®) and so on are still constants of motion for the diagonal
prolongation X and the superposition rules are still valid for any system (29]).

Zy

Y
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7.4 Smorodinsky—Winternitz systems with a time-dependent fre-
quency

Let us focus on the n-dimensional Smorodinsky—Winternitz systems [22], 23] with unit mass
and a non-constant time-dependent frequency w(t) whose Hamiltonian is given by

1 — 1 - 1 o b;

where the 0;’s are n real constants. The corresponding Hamilton’s equations read

¢ iy .
{ & :_W2(t)$i+£—§, 1=1,...,n. (35)

dt

These systems have been recently attracting quite much attention in classical and quantum
mechanics for their special properties [16, 57, 58, [59]. Observe that Ermakov systems (23))
arise as the particular case of [BH) for n = 2 and by = 0. For n = 1 the above system maps
into the Milne-Pinney equations, which are of interest in the study of several cosmological
models [9] 24] [60], through the diffeomorphism (z,p) € T*Rg — (z,v = p) € TR,.

Let us show that the system (B3) can be endowed with a Lie-Hamiltonian structure.
This system describes the integral curves of the ¢-dependent vector field on T*Rj given by
X = X3 + w?(t) Xy, where the vector fields

9 I~/ 0 9 (0 b0

=1 =1 i=1

fulfil the commutation rules (24). Hence, (33]) is a Lie system. The space T*R} admits a
natural Poisson bivector A = "%  9/0x; A 0/0p; related to the restriction to this space
of the canonical symplectic structure on T*R™. Moreover, the preceding vector fields are
Hamiltonian vector fields with Hamiltonian functions

o= 1 & I~/ , b
h1:§;xia h2:—§;3€ipi, h3:§Z<Pi+g) (36)

i=1 4

which satisfy the commutation relations (25), so that H, ~ sl(2,R). Consequently, every
curve h; that takes values in the Lie algebra spanned by hq, ho and hz gives rise to a Lie—
Hamiltonian structure (T*R{, A, h). Then, the system (B5)), described by the ¢-dependent
vector field X = X3 4+ w?(1)X; = —A(dhs + w?(t)dhy), is a Lie Hamilton system with a
Lie-Hamiltonian structure (T*RE, A, hy = hs + w?(t)hy).

Subsequently, we derive an explicit superposition rule for the simplest case of the system
[B5) corresponding to n = 1, and proceed as in the previous subsection. The prolongations
of X, (o =1,2,3) again become linearly independent for m = 2 and we need to obtain two
first integrals for the diagonal prolongations X, of T*R} fulfilling (3I)) for the coordinate
system {z(1), ), T2), D), T(3). P3) } of T*RY. Similarly to the previous example, we have an
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injection D : s[(2,R) — C°°(T*Ry) which leads to the morphisms D® and D®). Then, by
taking into account the Casimir function (27) and the Hamiltonians (36)), we apply Theorem
obtaining the following first integrals:

FO = DO(A(C)) = Yaips — wopr)? + L2220

490%96%
b(x?
FO = DO(AC)) =1 i, (s — oy + 20 ) — 2,
F? = 813(F®), F2 = Sp(F@),  FO =@ 4 7@ 4 7P _3p/4,

where (x;,p;) denote the coordinates (x(;,p(;)); notice that F' = D(C) = b/4. We choose
F® and FQ(? as the two functionally independent constants of motion and we shall use Fl(?
in order to simplify the results. Recall that these functions are exactly the first integrals
obtained in other works, e.g. [10], for describing superposition rules of dissipative Milne—
Pinney equations (up to the diffeomorphism ¢ : (z,p) € T*Ry — (z,v) = (z,p) € TRy to
system (B3) with n = 1), and lead straightforwardly to deriving a superposition rule for
these equations [60].

Indeed, we set

k b k b k b
F(2) A F(2) _ M v F(2) _ ™, 7 37
4+2a 23 4+2 13 4+2a (37)
and from the first equation we obtain p; in terms of the remaining variables and ky:
po?ay £ /kia?rs — b(at + 2
p1 = p1(1, T2, P2, 3, p3, k1) = St \/ —1 2 (o1 - 2) (38)

By introducing this value in the second expression of (37)), one can determine the expression
of x1 as a function of x9, p9, 3, p3 and the constants k1, ko. Such a result is rather simplified
when the third constant of (37)) enters, yielding

w1 = x1(T2, P2, T3, p3, k1, ko) = x1(22, T3, K1, ko, K3)
2 2 2.2 ] (39)
= [lez + poaf £/ [ky3ag — blag + xs)]] ’
where the constants jiq, uo, 1 are defined in terms of kq, ks, k3 and b as
2bky — koks 2bko — k1ks 4 (4% + kykoks — b(k? + k3 + k3)]

M= 52 T M7 (402 — k2)2

And by il’ltI'OdllCiIlg (B:QI) into (BE), we obtain P1 = pl(l’g,pQ, I3, P3, ]{71, ]{52) = P1 (IQ,pg, T3, ]{71, ]{72, ]{73),
which together with (89) provide a superposition rule for (35]) with n = 1. These expres-
sions constitute the known superposition rule for Milne-Pinney equations [60]. Observe
that, instead of solving systems of PDEs for obtaining the first integrals as in [10, [60], we

have obtained them algebraically in a simpler way. When b = 0 we recover, as expected,

the superposition rule for the harmonic oscillator with a t-dependent frequency. Similarly

to previous examples, the above superposition rule is also valid when w(t) is constant.
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7.5 A classical system with trigonometric nonlinearities

Let us study a final example appearing in the study of integrability of classical systems
[18, 54]. Consider the system

de o — /T —22(B,(t)sin p — By(t) cosp),
% = —(B,(t) cosp + By(t) sinp)ﬁ — B.(t),

where B,(t), By(t), B.(t) are arbitrary t-dependent functions and (z,p) € T*I, with I =
(—1,1). This system describes the integral curves of the t-dependent vector field

, 0 [(Bu(t) cosp+By(t)sinp)x 0
X = V1 —2%(B,(t)sin p—B,(t) COSp)a_x_ \/ﬁ +B.(t) o’
which can be brought into the form X = B,(t)X; + B, (t)Xs + B.(t) X35, where
0

0 x 0 0 x
— 2 q - . — 2 . .
X1 =V1—2%sin pax mcospap, Xy =—Vv1—12?%cos p&x msmpap,

and X3 = —0/0p satisfy the commutation relations
[Xl,XQ] :Xg, [Xg,Xl] :Xg, [Xg,Xg] :Xl.

In other words, X describes a Lie system associated with a Vessiot—Guldberg Lie algebra
isomorphic to su(2). As in the previous examples, we assume VX = V. Now, the vector
fields X, (a =1,2,3) are Hamiltonian ones with Hamiltonian functions given by

hy = —V1 — 22 cosp, hy = —V/1 — 22sinp, hs = x, (40)
thus spanning a real Lie algebra isomorphic to su(2). Indeed,
{h1,ha} = —hs, {hs, h1} = —hso, {ha, h3} = —hy.
Next we consider a basis {vy, ve, v3} for su(2) satisfying
[v1, V2] = —v3, [v3, v1] = —va, [vg, v3] = —vy,

so that su(2) admits the Casimir C = v;®v; + 1,@vy + vV3@v3 € Usu(2)- Then, the Casimir
element of Sy ) reads C' = A71(C) = v} + v3 + v3.

The diagonal prolongations of X, X5, X3 are linearly independent at a generic point for
m = 2 and we have to derive two first integrals for the diagonal prolongations X, X5, X3
on T*I? satisfying (3I)) working with the coordinates {z(1), pa), Z(2), P2), T(3), P(3)} of T*I°.
Then, by taking into account the Casimir function C, the Hamiltonians (@0), the iso-
morphism ¢(v,) = h, and the injection D : sl(2,R) — C*°(T*I), we apply Theorem
obtaining the following first integrals:

F@ =9 <\/1 — 22\/1 — 23 cos(p1 — pa) + 2172 + 1) )

FO =231 <\/1 — 7 /1 — 2% cos(p; — p;) + :cixj) + 3,
F2 =853(F®),  F2 =8uF®),  FO=p@4+F? g2 _3

25



and I = D(C) = 1. We again choose F'® and F2(§) as the two functionally independent
constants of motion, which provide us, after cumbersome but straightforward computations,
with a superposition rule for these systems. This leads to a quartic equation, whose solution

can be obtained through known methods. All our results are also valid for the case when
VX cv.

8 Conclusions and outlook

We have proved several new properties of the constants of motion for Lie-Hamilton systems.
New methods for their calculation have been devised, and Poisson coalgebra techniques have
been developed for obtaining superposition rules.

Our achievements strongly simplify the search for constants of motion and superposition
rules by avoiding the integration of ODEs and PDEs required by standard methods. We
have provided generalisations of previous results on Lie-Hamilton systems [16, 20] and
coalgebra integrability of autonomous Hamiltonian systems [19, 26]. Finally, we illustrated
our approach by analysing several non-autonomous systems of interest.

In the future, we aim to apply our techniques to new relevant systems. Furthermore, we
expect to extend our formalism to Lie systems admitting a Vessiot—Guldberg Lie algebra
of Hamiltonian vector fields with respect to a Dirac structure. This would enable us to use
our procedures to study a broader variety of systems. Moreover, we also expect to analyse
the use of Poisson coalgebra techniques to devise an algebraic approach to Lie-Hamilton
systems with mixed superposition rules.
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Appendix

We now detail the proof of Lemma [[7 The elements of S, given by v/ = v}' - ... - vir,
where the I’s are r-multi-indexes, “-” denotes the product of elements of g as functions on
g* and {vy,...,v,} is a basis for g, form a basis of S;. Then, every P € S; can be written
in a unique way as P = Y, ., A;v’, where M is a finite family of multi-indexes and each
Ar € R. Hence, the R-algebra morphism D : (Sg,:) = (C*°(N),-) extending ¢ : g — H, is
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determined by the image of the elements of a basis for g. Indeed,
P) = Z)\ID ZAICb B0, (41)
I

Let us prove that D is also an R-algebra morphism. From (4I), we see that D is linear.
Moreover, D(PQ) = D(P)D(Q) for every P,Q € Sy. In fact, if we write Q = ;;, Asv7,
we obtain

—D (Z)\IUIZ)\J’U> Z Z)\])\JD Z)\ID Z)\JD )D(Q),
1 J K I+J=K

where I + J = (i1 + j1,.. ., 4, + jp) with I = (41,...,4,) and J = (J1,. .., jr)-

Let us show that D is also a Poisson morphism. By linearity, this reduces to proving
that D ({v’,v”}s,) = {D(v"), D(v”)}a for arbitrary I and J. Define |I| = iy + ... +i,.
If |J| = 0 or |[I| = 0 this is satisfied, as a Poisson bracket vanishes when any entry is a
constant. We now prove by induction the remaining cases. For |I| + |J| = 2, we have

D ({va, 03}5,) = $([vm, v3la) = {6(vu), 6(v)}a = {D(wa), D(og)ha, Ve B=1,....1.

If D is a Poisson morphism for |I| + [J| = m > 2, then for [I| + |J| = m + 1 we can set

vl = v’y for i, # 0 and some 7 to obtain

D ({v',v"}s,) = ({vlv” v‘]}gg) =D ({vl_, v‘]}sgvf] + vl{v” v‘]}gg)
={D("), D) }aD(wy) + D) {D(vy), D(v”)}a
={D(")D(vy),D(v")}a = {D(v"), D(v”)}4.

By induction, D ({v!,v7}g,) = {D(v"), D(v”)} for any I and J.
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