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A flux qubit can interact strongly when it is capacitively coupled to other circuit elements. This inter-
action can be separated into two parts, one acting on the qubit subspaces and one in which excited
states mediate the interaction. The first term dominates the interaction between the flux qubit and an
LC resonator, leading to ultrastrong couplings of the form o (¢ + a'), which complement the inductive
o*i(a’ — a) coupling. However, when coupling two flux qubits capacitively, all terms need to be taken into

y

account, leading to complex nonstoquastic ultrastrong interaction of types o} 03, 0703, and oy 05. Our
theory explains all these interactions, describing them in terms of general circuit properties—coupling
capacitances, qubit gaps, inductive, Josephson and capacitive energies—that apply to a wide variety of

circuits and flux qubit designs.
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I. INTRODUCTION

Flux qubits are superconducting loops with one or sev-
eral Josephson junctions that, when the qubit is threaded
by a magnetic flux, create a frustrated inductive energy
landscape. The qubit’s low-energy space is built from
quantum superpositions of persistent current states with
opposite directions [1—4]. Flux qubits exhibit strong mag-
netic interactions and large anharmonicities while retain-
ing good coherence times [5-9]. These are useful proper-
ties to implement fast qubit gates [10,11], perform quan-
tum annealing [12—16], or to simulate strongly coupled
quantum systems [17-27].

A flux qubit is usually described by two observables:
the tunneling between persistent current states o, and the
qubit’s magnetic dipole moment o*. The former accounts
for the energy splitting A between current superpositions
due to tunneling at the symmetry point H = Ac?/2 [2].
The dipole moment appears in the inductive coupling to
microwave photons go*(a’ + a) and to other flux qubits
Jwoj{oy. An open question is how to escape the narrow
framework provided by these interactions, allowing flux
qubits to simulate nonstoquastic Hamiltonians, those that
exhibit a sign problem when solving them via quantum
Monte Carlo [28-32] and that enable universal adiabatic
quantum computation [33-37].

There is still no completely satisfactory framework to
implement different flux qubit couplings. One may obtain
a ZZ interaction by converting the main qubit junction into
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a superconducting quantum interference device (SQUID),
and coupling those SQUIDs to each other inductively [1].
However, the resulting interaction is weak and decreases
monotonically with the gap, making it unsuitable for gen-
eral quantum simulation and quantum annealing [38]. A
similar coupling for qubits displaying nontrivial topologi-
cal effects [39—41] could give the desired interaction [38],
but those qubits may suffer from an enhanced susceptibil-
ity to charge noise [1,42]. The most promising approach so
far is the capacitive coupling between flux qubits. Exper-
iments with flux qubits [32,43] have demonstrated capac-
itive interactions along more than one direction [44], but
the coupling strength seems to be limited and there is no
analytical framework to understand the range of available
interactions.

In this work we introduce an analytical model for the
capacitive coupling of flux qubits to other superconducting
circuit elements (cf. Fig. 1), complemented by a nonper-
turbative numerical treatment. We obtain the shape and
scaling of the interaction between a qubit and a microwave
resonator, and also between two flux qubits. We provide
evidence of ultrastrong qubit-resonator interaction medi-
ated by the electric dipole moment o7, thereby extending
the family of ultrastrong inductive couplings [17,18,23],
which are mediated by o* terms. For two capacitively
coupled qubits, we explain the appearance of complex
interactions along multiple directions, YY, ZZ, and XX.
This is a rich landscape of spin Hamiltonians for quantum
simulation, quantum annealing, and quantum computa-
tion, which exceeds the simple picture from spectroscopic
characterizations [32] and complements earlier numeri-
cal studies [44] with scalings based on a qubit’s design
parameters and a modelization of interactions mediated by
excited states.

© 2022 American Physical Society
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FIG. 1. (a) Two superconducting circuits, described by flux
variables ¢;, coupled by a capacitance C,. (b) The first circuit
is a flux qubit and the second is either an identical qubit or an LC
resonator. The flux qubit, operated at full frustration, is described
by an inductive potential I/, with two identical wells (solid line).
The relevant energy scales are the qubit A, the energy differences
between states in the same well hw, and, for deep potentials,
the splitting A, between excited states. The resonator has a
quadratic potential I/, (dashed) and a harmonic spectrum with
equispaced energies, separated by Aw,. (¢c) Our simulations use
three Josephson-junction flux qubits, with a central junction «
times smaller, a possible shunting capacitance 8, and a mag-
netic flux & >~ ®(/2. The charging and Josephson energies of
the large junctions are denoted by E; and E¢c = €2/(2C).

II. MODEL

We study on equal footing both the qubit-qubit and
qubit-resonator capacitive couplings, as shown in Fig. 1.
Each element, qubit or resonator, is represented by a flux
¢ and a charge ¢ operator, and the type of circuit is deter-
mined by the inductive potential /. The Hamiltonian H =
H© 4 eV splits into bare circuits and an interaction, see
Appendix A [45]:

2
HO i 4 ), (1)
2C;
i=1,2
Cyq C, ¢?
V= 9192 Caqy _1&. ?)
JaG \Vaa C, Cy

Here C;, are the capacitances of bare circuits, Cg is the
coupling capacitance, and Cop = [C 1C+ (Cr + Cz)Cg] /
C, is the off diagonal of the inverse capacitance matrix.
The strength of the coupling is controlled by € =
VC1Cy/Cop, with € ~ O(Cy) for Cy/Cia < 1.

The first circuit is always a flux qubit C; = C,. The
second circuit will be either an identical qubit C;, = (i,
or a microwave resonator C; = C,. Without loss of gen-
erality, we study three Josephson-junction qubits (3JJQs)
[cf. Fig. 1(c)], operating at full frustration, with half a flux

quantum &, = ®/2 in the loop. In this situation, this or
any other similar qubit will exhibit an inductive potential
U, » with local minima at ¢ = £¢,(Py/27). Each min-
ima is associated with one persistent current state and a
local excitation energy hw,. We present results in terms
of the relative coupling y = C;/C of the 31JQ, where C
is the large qubit junction of the 3JJQ. For the resonator,
we use a quadratic inductive potential U, = ¢>2 /(2L,) with
resonator frequency w, = 1/4/L,C,.

III. METHODS

We model the whole system as an effective qubit-
resonator or qubit-qubit Hamiltonian, using a Schrieffer-
Wolff transformation U(e) [45] that maps the eigenspaces
of H to the eigenspaces of the bare model H©. In our
analytical treatment, we start from a projector Py onto
a low-energy subspace—e.g., the four-dimensional space
of two qubits, or a tensor product of a qubit and res-
onator spaces—and develop the effective Hamiltonian as
a perturbative series

Hey = PoHOPy + ) " €" M, 3)

n=1

The first-order term is the projection of the interaction
onto the qubit subspace M| = Pg VPy, while the M-,
describe interactions mediated by virtual transitions, see
Appendix B [45].

Numerically, we could imitate this procedure, but
instead we sum the series to all orders, as H.gs =
PyUHU'P,, where U is the Schrieffer-Wolff transforma-
tion. The algorithm is based on computing numerically
the transformation UP = P,U that maps the exact eigen-
states of H to H®, where P is the projector onto the
low-energy sector of the coupled system. As explained in
Ref. [44], this can be done by working on a truncated space
of eigenstates, where U = /(1 — Py)(1 — P) is estimated.
Alternatively, one may work with the lower-rank matrices
UP and Py U, as explained elsewhere [46]. Using this trans-
formation, we compute the effective model H.¢ and expand
it on the basis of Pauli and Fock operators. This allows
us to compare the effective Hamiltonian to the predictions
from perturbation theory, validating the type and scaling of
the coupling terms.

One needs to be careful when applying this theory to a
composed system in which their low-energy sectors have
very different energy scales. In this case, the low-energy
dynamic of one of the systems may excite the other one
outside of its low-energy subspace. For instance, when a
resonator is very strongly driven and is in contact with the
flux qubit, it may excite the qubit outside its low-energy
subspace, invalidating the Schrieffer-Wolff approximation.
In practice, this limitation is not very different from the
experimental limitations that one faces when working with
qubits in general superconducting experiments.
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IV. THE COUPLING AT FIRST ORDER

The interaction V has two terms that renormalize the
bare circuits, and only one that entangles their dynamics,
V. = —q192/+/C1C,. To develop the first-order correction
My, we must express the charges ¢; in the qubit and
resonator basis. For the resonator, ¢, = \/h/2Z(a" + a)
exactly, in terms of Fock operators {a,a'} and the res-
onator impedance Z. For the flux qubit g;, we assume
that the renormalized Hamiltonian is anharmonic and
that H, ~ Aoj/2. We derive the voltage operator pro-
jected onto the qubit subspace V) as the derivative of
the flux V ~ i[Hy, ¢1]/h = (®o/27) (. A/h)oy , approx-
imating the flux operator as the flux jump between qubit
states ¢1 = (Py/27)p,0". Since V| = ql/a for the bare
renormalized qubit, the projected charge operator is q; =~
CD()glA(D,,U{/h.

Using this method, we obtain the first-order effec-
tive interaction between a qubit and a resonator H} =

g;l)aly (a + a) with
& _ Cog | |
A (_jOD 2 27TG()Z

(4)

aqdhthe interaction between two qubits H)) = gi)oy oy
wit

% = 5‘1('03 A (5)
A Cop 8E%‘

Everything depends on the qubit’s renormalized gap A, the
resonator impedance Z, the conductance quantum G, and
the qubit’s charging energy Ef- = ¢?/(2C)).

This treatment neglects higher-order terms in the per-
turbation series (3), generated by matrix elements of the
qubit’s charge operator (1 — Py)q;Py connecting qubit
states with excited states delocalized among the induc-
tive potential wells. Those elements grow as g; ~ /@y,
requiring us to analyze their effect on a case-by-case basis.

V. ULTRASTRONG QUBIT-RESONATOR
COUPLING

Let us discuss the capacitive coupling of a flux qubit
and an LC resonator. The second-order corrections to the
capacitive coupling involve a simultaneous excitation of
the qubit and the resonator, which acquire an energy hw,
due to leaving the qubit space and hw, due to the creation
or annihilation of a photon. While the amplitude of these
processes in €V, grows as hm, the resonator cannot
easily absorb the energy hw,. Thus, higher-order correc-
tions M5, only renormalize the qubit’s self-energy and
the capacitive coupling is fully captured by Eq. (4).

We confirm this hypothesis through a comparison with
the full Schrieffer-Wolff numerical transformation for the
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FIG. 2. A 3JJQ capacitively coupled to an LC resonator. (a)
Coupling divided by qubit gap A as a function of the first-
order corrections (the dashed line is the theoretical prediction
for those corrections). We only show data for which higher
corrections are negligible. The design parameters for all the pan-
els are the qubit large junction energy ratio r, = E;/Ec, the
energy ratio for the resonator r,. = E’;/E7., and the ratio of res-
onator and qubit Josephson energies - = E,;/E’;. The Josephson
energy for the resonator as a function of its inductance L, is
E', = (1/L,)(h/2e)?. (b) Coupling divided by the qubit gap (solid
line) and resonator energy (dashed) as a function of the ratio
y = Cg/C between the shared capacitance and the qubit’s large
junction capacitance.

full superconducting circuit of a 3JJQ [cf. Fig. 1(c)] cou-
pled to a resonator. In terms of qubit and photon operators,
it takes the form H.y~ Ac?/2 + hwa'a + go” (a' + a)
for moderate numbers of photons. As shown in Fig. 2(a),
all the coupling constants from different designs of qubit
and resonator collapse into the first-order correction
derived analytically (4), up to coupling strengths g/A ~
0.5 beyond the perturbative limit. Since our model only
demands a qubit anharmonic spectrum, we conclude that
Eq. (4) is a general theory for the capacitive interaction
between flux qubits and microwave resonators.

Unlike the inductive case [17,18,23], exploring the
designs where ultrastrong coupling, g/w, ~ g/A > 12%,
occurs is complicated, because one has to consider the
renormalization of the qubit’s gap, while the resonator
remains more or less unperturbed. After a careful analy-
sis of the qubit parameter space, we have realized that this
regime can be achieved for junctions with an intermediate
ratio of r = E;/Ec ~ O(10), between those used in flux
qubits » ~ O(10?) [3,8] and those used in fluxonium qubits
r~ O(1) [47,48]. Still, we find a flux qubit with standard
properties because the apparent increase in E¢ is compen-
sated by the increase of the qubit capacitance due to the
coupling.
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Using a 3JJQ with » = 20, we find evidence of an ultra-
strong coupling regime with g/A = 0.15 at zero detuning;
see Fig. 2(b). This coupling is significantly larger than
the flux qubit resonator capacitive couplings in previous
works [49,50]. For the experimental realization of ultra-
strong coupling, one can set the qubit large junction E; ~
20 GHz, a similar junction to those used in Table 2, device
H, of Ref. [51]. This would give an ultrastrong coupled
qubit-resonator system with a resonator frequency around

w, = \/8ETE; ~ 1 GHz.

VI. QUBIT-QUBIT COUPLING

Let us now discuss the capacitive interaction between
two flux qubits. We begin by presenting the numerically
exact Schrieffer-Wolff transformation for two 3JJQs. In
Fig. 3(a) we plot the interaction coefficients that result from
expanding H.g in the basis of Pauli matrices. The numer-
ical model clearly shows the first-order terms associated
with the ¢” charge dipole operator in Eq. (5). However,
the flux qubits also acquire a comparable ZZ interaction
that enables the tunneling of current states, and we also
find a residual inductive XX . Note that, while the capac-
itive term induces a renormalization of the qubit’s gap
A, the qubit nature is preserved by an improvement in
the qubit’s relative anharmonicity ¢, [cf. Fig. 3(b)]. Only
at very large y, the form of the interactions approaches
—g(6,765" + &, 6, ), with ladder operators in the persis-
tent current base 5" = &7 £ i&? . In this limit, the coupling
produces a large mass in the direction ¢; — ¢, of the two-
qubit system and strongly suppresses transitions of the
form 6,"6, + 6, &, [52]. In this limit, we obtain strongly
interacting two-qubit systems with couplings larger than
the qubit gap, around twice the value from previous works
[44], and similar design parameters to other qubits that
have already been realized experimentally [3,8].

(a) 1

FIG. 3. (a) Coupling strength in gap units and (b) low-energy
spectrum for two equal 3JJQs capacitively coupled, both hav-
ing o = 0.65 and ratio E£;/Ec = 50, as a function of the ratio
y = C,/C between the shared capacitance and the qubit’s large
junction capacitance. The E;, E¢ are the Josephson and charging
energies of the large junction qubit. The inset of (b) shows the
relative anharmonicity of each qubit approximated from the full
spectrum as o, = (E3 — Eg — A)/A.

We interpret these results using the perturbation theory
in Eq. (3), with processes M, M, and M3, sketched in
Figs. 4(a)y4(c). The horizontal lines denote qubit (solid)
and excited states (dashed). These are connected by inter-
actions (wiggly lines), which can be qubit terms Py VP
(blue) or connect to excitations Pyl (1 — Py) and (1 —
Py)VPy (red). To first order, the capacitor produces YY
terms in the qubit space. To second order, the operator V.
enables virtual transitions where both circuits momentar-
ily excite, acquiring an energy of approximately 2 x haw,.
Despite the large energy difference, these processes are
assisted by matrix elements in V. that grow as w,, and
cannot be neglected. We estimate the second-order term
H? = g@ofo; with a coupling that scales as

2 _ A2
€ ™ ( N ) Lt (6)

Cop on

where A, is the approximate splitting between excited
states due to tunneling [see the Appendix C and Fig. 1(a)].
Finally, we can also deduce that third-order terms create an
XX coupling. This coupling becomes dominant when the
renormalization of the qubit’s capacitance enables phase-
slip transitions between the qubit’s unit cells—as opposed
to the tunneling between current states enabled by A.
However, this mechanism leads to an enhancement of
charge noise [1,42]. We can stay far from this regime by
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FIG. 4. Diagrams for (a) first-, (b) second-, and (c) third-order
corrections to the capacitive coupling of two 3JJQs. Qubit and
excited states are represented by solid and dashed lines, respec-
tively. Wiggle lines are qubit interactions, which can be diagonal
(shorter blue line) and off diagonal (longer red) in the qubit sub-
space. First-order corrections are the projection of charge-charge
operators to the qubit subspace. It gives a Y7 type of coupling.
Second-order corrections produce a ZZ type of coupling. We only
show one of the possible diagrams for third-order corrections. It
can be seen to give XX coupling using the lower-order diagrams.
Data collapse of the (d) first- and (e) second-order corrections for
several qubit design parameters. In the first case, we only show
data for which higher corrections are negligible.
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limiting ¥ ~ O(1) and choosing « < 0.9, away from the
single qubit phase-slip regime [1]. This way we can still
recover an XX interaction by coupling the qubits induc-
tively, which in combination with YY and ZZ interactions
gives a fully nonstoquastic spin model.

As in the resonator case, we compare our predictions
(5) and (6) to the numerically exact couplings for differ-
ent qubit designs. Figure 3(d) shows how the g"” coupling
collapses to the theoretical prediction (5) only for small
enough couplings g/A < 0.05. Similarly, Fig. 3(e) shows
that g follows the expected scaling, up to factors O(1).
This is a reasonable agreement, taking into account that
we have taken the two excited states deep enough inside of
the potential wells, so that their dynamic is mainly due to
the tunneling A,; see Fig. 1(b) and Appendix C. In fact, we
can see that the data collapse is better for « > 0.8, which is
indeed the regime of deep potential wells. Perturbation the-
ory thus captures the overall dependency of the couplings
on the qubit’s parameters, but fails to estimate the nonper-
turbative corrections that account for the full interaction.
This contrasts with the qubit-resonator model, and high-
lights the relevance of qubit-qubit interactions mediated by
excited states.

VII. CONCLUSIONS

We have presented a nonperturbative study of capaci-
tive interactions between a flux qubit and other circuits.
This study reveals that the flux qubit charge operator is the
sum of two dipole moments: one connecting qubit states
and one enabling transitions to higher-energy excitations.
The first term describes the coupling between a qubit and
a resonator and supports ultrastrong qubit-photon inter-
actions along directions orthogonal to those created by
inductive terms. The second term combines with the first
one to enable a rich family of nonstoquastic qubit-qubit
couplings, including YY, ZZ, and XX interactions.

The capacitive interactions combined with inductive
ultrastrong qubit-photon interactions [17,18,22,23] open
regimes in light-matter and light-mediated interactions,
such as the ultrastrong coupling limit of the Jaynes-
Cummings model [53], regimes of the spin-boson model
[22] with two transverse couplings, and models of coherent
and dissipative interactions mediated by photon exchange,
beyond those in Ref. [54].

Regarding quantum simulation, our study confirms the
idea that flux qubits exhibit rich families of nonstoquastic
interactions. These may appear combined, as in the two-
qubit model, or they may be pure YY interactions, if we
use resonators to mediate the coupling [27,55]. From a fun-
damental point of view, it would be interesting to explore
the long-range interactions at the hardware level, without
embeddings [56]. Indeed, capacitively coupled flux qubits
in two-dimensional geometries support YY interactions that
only decay logarithmically up to alengthé = ,/C,/C, and

then exponentially fast [57]. As in classical spin glasses,
such long-range interactions will produce hard to solve
quantum models [58—62].

Finally, recent works [63,64] suggest that the ground-
state properties of many superconducting circuits, includ-
ing capacitively coupled flux qubits, could be efficiently
simulable in the semiclassical charge-flux representation.
Our work opens a rigorous avenue to study these circuits
and their effective models in a nonperturbative fashion.
This will help us understand whether the ground states of
circuits are in some sense trivial—e.g., low-energy states
are classical spin configurations—or whether the energy
scales and types of interactions reveal other kinds of
obstructions, different from the sign problem, that prevent
the classical simulation of the device.
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APPENDIX A: HAMILTONIAN OF TWO FLUX
QUBITS COUPLED VIA A CAPACITOR

We derive the Hamiltonian for a system of two flux
qubits coupled via a capacitor. We assume two identical
qubits, with qubit capacitance C,, which are coupled by a
capacitor C, as in Fig. 1 of the main text. The Lagrangian
is written in terms of the capacitance matrix as

1= =
L=2¢Co—) U (A1)

i=12

with the vector of fluxes of each qubit (Z) = (¢1, ¢) and the
capacitance matrix

C=[Cq+cg —Cq } (A2)

—Cq C,+Ce |’

The Hamiltonian H =} _,, gipi — L can be written
using the flux and its conjugate charge:

2
q; 9192
Yo (9 z

i=1,2 <4 OD

(A3)

The inverse of capacitance matrix C ~!is used to obtain 1/
C,=(C M1 =CNHpand1/Cop = (C 2= (C .
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We can obtain the following expressions for the capaci-
tances involved in Eq. (A3):

1 1 C,+C
— = _u’ (A4)
C, C;2C.+C,
1 1 C
_ = (A5)

Taking into account the fact that the renormalized qubit
matrix is 1/ (_,’q =1/C,—-1/ Cop, we express the Hamilto-
nian as a sum of the noncoupled Hamiltonian H plus a
perturbation V, as in Eq. (2) of the main text:

H=HY +¢v, (A6)
q’
HO = — +U(@), (A7)
£ 2C,
i=1,2
q192 CI~2
y=212=_ 2 (A8)
C, “=2C,
i=1,2

Heree = C,/ Cop. The second term in the previous Hamil-
tonian is a perturbation to the noncoupled system when
€ < 1. The Hamiltonian for the general case, Eq. (2)
with asymmetric capacitances C;, C,, can be obtained
from the inverse of the capacitance matrix 1/ Ci=1/C —
C2/(CopCy) and 1/C, = 1/Cy — C1/(Cop(y).

APPENDIX B: PERTURBATION THEORY FOR
THE CAPACITIVE COUPLING OF TWO FLUX
QUBITS

We use the Schrieffer-Wolff transformation [45] and
expand the effective Hamiltonian as a series in ascend-
ing powers of the small parameter €, as in Eq. (3) of the
main text. The perturbation series up to third order can be
expressed as

Hayp=HY + eM| + €My +EM5 (Bl)
with matrices
M| = PyVPy, (B2)
M, = $PsS(Vop)Po, (B3)
Ms = YPoVopLVa(S)Po, (B4)

where the adjoint representation is Y(X) = [¥,X] and
the operators Py, Qo project onto the qubit and excited
subspaces of the unperturbed system. The notation
Oop is used for the nondiagonal part of an operator,
Oop = PyOQy + QyOPy, and S = L(Vop) with L(0) =
Zij (Oop)ij /Eij|j)(i] (matrix elements are denoted by
O;; = (i|O|j) and energy differences by Ej; = E; — Ej).

We now give the explicit forms of the matrices involved
in the computation of the effective Hamiltonian up to third
order. We do so by employing Latin and Greek letters to
denote unperturbed qubit and excited states, respectively.
We have

My =" Vyli)il, (BS)
ij
l Viona' . . “ .

M, = E%TJW" + 104D, (B6)
1 V‘a Va V k V'i Vi(x Vak

M, = _< jaVapVer j )
2 a;i:,k EajEﬁj a,ijk EaiEaj
x (1K) (| + 7 ) kD), (B7)

where the braket of the interactions in the qubit sub-
space Vj; = (i|V]j ), on the excited one Vo = (|V]|B), and
the off diagonal between qubit and excited states V,; =
(a| VD).

As discussed in the main text, the first-order corrections,
Eq. (BS), are given by the projection of the perturbation
to the qubit subspace. They produce a renormalization
of the gap mass and a coupling of YY type. The higher-
order corrections that couple the qubits involve operators
that move the state of the superconducting circuit from a
qubit to excited state. We analyze in the following those
corrections.

APPENDIX C: SECOND- AND THIRD-ORDER
CORRECTIONS TO QUBIT-QUBIT COUPLING

We focus now on the second-order correction for two
3JJQs coupled via a capacitor. We do not analyze contri-
butions that renormalize each qubit gap, only contributions
that couple the two-qubit system. The relevant diagram
is shown in Fig. 3(b) of the main text, where the qubits
visit high-energy states due to the off-diagonal part of
the interaction. We need to make strong simplifications
on the qubit spectrum, as we explain in what follows, in
order to analytically treat second-order corrections. Each
qubit is approximated by the first fourth eigenstate of the
uncoupled superconducting circuit. We use the notation
|£¢) = (IL.) = |R.)) for the qubit eigenstates and |£.) =
(|Le) £ |R.)) for second and third excited states, where
|Lg) and |L,) are the ground and first excited states inside
the left well of the potential, with similar notation (|R,)
and |R,)) for the right well; see Fig. 1(b) of the main text
for a picture of the spectrum.

The unperturbed projected Hamiltonian onto the sub-
space expanded by the first four states of each qubit is

A A
HO =% EP(')iaiZPOi +> Q3i<hwq + 760,?> Oui,
i=1,2 i=1,2

(CD)
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where Py and Qy; project onto the unperturbed low
and excited subspaces of qubit i, respectively. We have
extended the domain of Pauli matrices so that they act
on ground o7 |4,) = £|4,) and excited o7 |E,) = £[E.)
states. We need to compute the nondiagonal energy
between the low-energy and high-energy sectors to obtain
the second-order term. We recall that, in the case treated
here, Vop = PoVQo + Qo VP, so that we can approximate
the off-diagonal elements of the interaction as

. 192
Vig,uzg = (lngl()tg) ~ hwqéia’
q

(C2)
where i,o = 1,2, 3,4. The low-energy sector of the cou-
pled system is |14) = |44, 4¢), 12¢) = |44, —2), 13¢) =
| =g, +g), and |44) = |—4, —,). Similarly, for the excited
states, we have |1,) = [+, +¢), 12¢) = |+¢>» —¢)>--.. The
effective harmonic frequency of each of the single-qubit
potential wells is w,; see Fig. 1(b) of the main text. We
do not consider a matrix process that takes only one qubit
outside of the low-energy subspace and brings it back.
Those processes have an amplitude that scales as /hw, A,
which is much smaller than that which takes the two qubits
outside of the qubit subspace in Eq. (C2) (we are in the
anharmonic limit A <« hiw,). We then approximate the
second-order corrections as

1 _ |+g+g><+g+g| |_g_g)<_g_g|
(hwp)? >~ 2hwy+ (Bhe—A) * 2hw, — (A, — A)
| —gte) (—gtel + [+e—g) (gl

2hw,

_l’_

(©3)

Expanding the denominator up to second order in A, — A
and using the identity |£)(+| = (1 £ ¢7)/2, we find that

H® =gPoio], (C4)
2

Q) 2(Ae - A) C5

g‘ﬂl € ha)q . ( )

We then find a o{o} with an amplitude that, up to a mul-
tiplicative constant, scales approximately as predicted in
the previous formula. The multiplicative factor that arises
from our analysis is not reliable. The reason is that, due
to the departure of the qubit potential wells from simple
harmonic oscillators, we cannot fix the exact value of the
coupling in Eq. (C2) or the energy difference between the
low- and high-energy subspaces. However, we know that
those two quantities should scale with the approximate
effective well frequency fiw,, which is enough to find the
scaling form in Eq. (C2).

In the case of two 3JJQs, we can express the previ-
ous formula using the ratio between the large Josephson
junction and coupling capacitances y = C,/C, instead

of the parameter in the perturbative expansion via € =
Cy/Cop = y/[2(1 + 2a + y)]. The second-order correc-
tions are then

@Y (&)2
Saq hiwg \1 420 +2y )
This is the formula that is used to plot the results in Fig. 4
of the main text. We note that our scaling only works for
very deep potential wells as we have assumed that the two
excited states in each well are mainly connected by tun-
neling A,. This is not the case for shallow potential wells
where the overlap of those states is large. Thus, we expect
that Eq. (C5) describes the scaling only when « is large
enough, o < 0.8, a regime in which the potential well sep-
arating the two persistent current states is indeed quite
deep.

Using similar approximations as before, we find that
third-order corrections produce a coupling of the type
ojoy. To this end, we analyze the third-order correction
corresponding to the second term inside the parentheses
on the right-hand side of Eq. (B7). These corrections can
be approximated as

(Co)

3) ~ Z VjiViaVak _ %Mz

iy k E()tiE()tj h(,l)q

(€7

Taking into account the shape of the first two corrections,
this term would give a contribution to coupling o{o3 as
explained in Fig. 3. Although there are other corrections
at third order, this simple analysis shows that the XX cou-
pling will first appear at third order, which is consistent
with what we see in the numerical data from Fig. 3 of the
main text, where g, depends on € at small .
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