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a b s t r a c t
In this work we analyze a model of conductance across a ﬁeld effect transistor built of monolayer
graphene. We show how a top gate voltage non-perpendicular to the source-drain direction creates an
effective gap in pristine graphene devices. We have studied several scenarios in order to model the
presence of inhomogeneities in the graphene and its inﬂuence in the creation of an effective gap showing
that it is a robust effect. Moreover, although the gap appears for any angle of the top-gate, tuning the FET
parameters we achieve noticeable on–off ratios overcoming one of the main difﬁculties of graphene
transistors.
Ó 2014 Elsevier Ltd. All rights reserved.
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1. Introduction
Monolayer graphene is a one – atom thick carbon layer in a hexagonal honeycomb lattice. From the lattice properties, it is possible
to deduce the band structure, and hence the energy spectrum. In
graphene, charge carriers are described by the Dirac equation
instead of Schrödinger’s, as is the case of traditional semiconductors. This is a direct consequence of the fact that graphene has
two equivalent triangular sublattices, A and B [1]. Therefore, the
dispersion relationship is linear [2] and hence the carriers in graphene have the same dispersion relationship as massless particles
with velocity v F  c=300.
According to previous studies, graphene might be an ideal
material for electronic devices [3–5] due to several of its properties, such as its high mobility (up to 15,000 cm2/Vs [6]), the large
scattering length [7] and also because graphene can stand a current
density that is six orders of magnitude greater than copper [8]. The
conductance of PN junctions in graphene has been studied previously [9] and different conﬁgurations of NNN, NPN, PPP and PNP
junctions have also been studied [10]. Experimental measurements
have been carried out in order to study the conducting properties
of PNP structures [11] obtained by the deposition of a top gate
separated from the graphene by an air gap. Quantum oscillations
of the conductance in graphene have been studied both theoretically [12] and experimentally [13,14].
⇑ Corresponding author. Tel.: +34 923 29 44 35; fax: +34 923 29 45 84.
E-mail address: enrisa@usal.es (E. Diez).
http://dx.doi.org/10.1016/j.sse.2014.11.007
0038-1101/Ó 2014 Elsevier Ltd. All rights reserved.

Because of its electrical properties, graphene is an interesting
potential material to develop nanodevices for use in technological
applications, such as ﬁeld effect transistors (FET). In this work we
have modeled a FET based on graphene and analyzed its electrical
transport capabilities based on an exact analytical solution to the
Dirac equation found previously [15]. Finally, we study the different behavior of the conductance shown by a FET, considering that
the current does not ﬂow perpendicularly to the top gate. Let us
stress our model is devoted to graphene FET transistors with high
mobility, when electronic transport is dominated by ballistic
carriers. On the opposite limit, when transport is dominated by
scattering, i.e., CVD graphene samples, a drift–diffusion model
should be considered [16,17].

2. Model
Fig. 1 shows a scheme of the device under consideration: a
rectangular single layer of graphene (blue), with two gold contacts
for the source and drain. The device also has a back gate and a top
gate which is placed on the dielectric layer (SiO2, PMMA resist or
RX resist, for example). The back gate controls the charge carrier
density of the sample and the top gate modulates the current that
ﬂows through the device from source to drain, passing through a
square potential barrier. We shall assume that the sample is big
enough not to be considered as a strip, and therefore that there will
be no edge effects. Furthermore, at temperatures close to 0 K, the
charge carrier density n is proportional to the Fermi energy
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Fig. 1. Scheme of the device studied in this paper. A sheet of graphene is in blue.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

squared [18] (n / E2F ) and will show a linear dependence on the
back gate voltage (n / V BG ) [10].
In order to explain the behavior of such a device by characterizing its conductance in several regimes, we have to start – bearing
in mind that ‘‘conductance is transmission’’ [19] – by considering
the transmission of the electrons across the device. Here, the electrons of the graphene are transmitted as massless ultrarelativistic
Dirac particles subjected to a potential barrier governed by the
potential gates. This problem has already been considered and
we have an analytical transmission coefﬁcient [15,20] that we shall
use here. The transmission coefﬁcient across the barrier (Fig. 2) is
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Fig. 2. Top panel: carrier energy and barrier potential dependence with the position
in the sample. Bottom panel: scheme of the graphene layer and angles of incidence
at the barrier potential.

ð1Þ
As can be seen, the transmission coefﬁcient depends upon the
energy of the charge carrier E, the angle of incidence / and the
parameters of the barrier potential V 0 and D, whereas it does not
depend upon the dimensions of the graphene sheet W and L. Also,
the transmission coefﬁcient is symmetric with respect to the angle
of incidence /. According to this expression, in the case of normal
incidence the transmission coefﬁcient is unity, with independence
of any other parameters. This is the case of the Klein paradox for
Dirac particles [21–23].
The analytical expression obtained for the transmission
coefﬁcient can now be used in order to calculate the conductance
across a potential barrier. At ultra – low temperatures (at zero
temperature) the conductance of this FET is [15]

Geff ¼

2
 vF p
h

jEF j

Z þp=2

TðEF ; V 0 ; D; /Þ cos / d/

ð2Þ

p=2

Note that if we express the lengths in nm and the energies in meV,
 v F ¼ 658:2 meV nm and the effective conductance is
we have h
given in units of e2/h.
The conductance will depend on the potential applied by the
top gate (through the transmission coefﬁcient), the potential
applied by the back gate (through EF ) and the width of the
graphene sheet, but not upon its length.
Furthermore, we observe in (Eq. (2)) that the maximun value of
the effective conductance is at TðEF ; V 0 ; D; /Þ ¼ 1, and therefore

Geff ;max ¼

4
jE j
 vF p F
h

ð3Þ

By introducing the expression in Eq. (1) into Eq. (2) we obtain
the effective conductance for one square barrier potential in
graphene:
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As seen, the effective conductance of a graphene-based FET
depends on the Fermi energy and the properties of the potential
barrier created by the top gate (height V 0 and width D).
Fig. 3 shows conductance versus Fermi energy. It is seen that the
curve of the effective conductance has a local maximum when
EF ¼ 0:5V 0 . At this point, the sign of the quantity ðEF  V 0 Þ2 
2
E2F sin / is changed from positive to negative. Therefore, in (Eq.
(4)) the sine of this quantity will become a hyperbolic sine, and conductance will become smaller. Thus, the resistance will increase.
This situation will persist until a local minimum is reached, at
EF ’ V 0 . When EF is greater than V 0 , since the transmission coefﬁcient tends to unity, the effective conductance grows proportionally
to the Fermi energy, similarly to (Eq. (3)). We observe oscillations of
the conductance at Fermi energies that satisfy the condition EF < V 0 .
For EF < 0:5V 0 , there are several oscillations, whereas for values of
the Fermi energy such that 0:5V 0 < EF < V 0 there is only one oscillation. If EF  V 0 , the conductance does not depend on the value of
the barrier width and varies linearly with the Fermi energy.
As may be seen in Fig. 4, when V 0 increases, the effective conductance decreases linearly and takes the same value independently of the value of the width, for V 0 , satisfying V 0 < EF . When
V 0 takes the value of the Fermi energy, there is a local minimum
whose value depends on the width of the barrier D. For V 0 > EF ,
the conductance increases and exhibits oscillations which become
larger as the width of the barrier decreases. These oscillations
appear only for values of V 0 that satisfy V 0 > EF .
The dependence of the effective conductance upon the width D
of the barrier is shown in Fig. 5. The conductance decreases until it
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Other scenarios should also be considered in which, due to the
inhomogeneities of the material or the design of the device, the
carriers ﬂow around a certain direction. Thus, the angle of incidence will, in general, be different from 0° and will obey a certain
probability distribution function Pð/Þ centered around an angle /0 .
This probability distribution function must satisfy the condition
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Below, we shall consider different probabilities of distribution and
we shall study their effect on the effective conductance.
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Fig. 3. Effective conductance versus Fermi energy at barrier height V 0 ¼ 200 meV
and barrier width D 50 (red), 100 (green) and 150 (blue) nm. Conductance has a
local maximum at EF ¼ 0:5V 0 , a local minimum at EF ¼ V 0 and increases linearly
with EF P V 0 . (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
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Fig. 4. Conductance versus height of the barrier at Fermi energies EF ¼ 100 meV and
D 50 (red), 100 (green) and 150 (blue) nm. The three curves take the same values for
EF > V 0 , and show a minimum for EF ¼ V 0 . The amplitude of the oscillations depends
on the value of the width of the barrier D. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)
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We now consider the case of a Gaussian function for the probability distribution of the incidence angle. This assumption represents the idea that transport is of ballistic nature and that there
are few inhomogeneities that cause scattering processes within
the sample and deviate carriers from their ballistic trajectory, leading them to impact on the barrier potential with diverse incidence
angles. Since not all the carriers will undergo the same scattering
process, we can assume that the majority of carriers will impact
on the barrier potential with a similar angle, /0 , and that there will
be more carriers impacting on the barrier potential with an angle
of incidence /0 than carriers impacting on the barrier with an angle
of incidence that differs substantially from /0 . Thus, we assume
that the angles of incidence of the carriers will obey a probability


2
0Þ
distribution function of the form Pð/Þ ¼ c exp  ð//
.
2a2
The parameter a of the Gaussian functions makes the distinction between a homogeneous sample (a narrow Gaussian bell)
and a sample with many of inhomogeneities (a wide distribution).
A narrow Gaussian function represents the case in which almost all
the carriers scatter with the barrier at the same angle of incidence.
This will happen when the sample is homogeneous and the carriers
do not scatter with the sample inhomogeneities, and therefore the
transport will be ballistic and almost all the carriers will move
through the sample with a similar direction. Obviously, a wide
Gaussian function represents the opposite case.
We start the analysis by considering the centered angle of our
Gaussian distribution being: /0 ¼ 0°. Obviously, the parameters a
and c are not independent since they must hold the normalization

pﬃﬃﬃﬃﬃﬃﬃ 
condition ac 2pErf 2ppﬃﬃ2a ¼ p. As we can see, as c becomes smaller, a becomes greater.
The conductance is given by:
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Fig. 5. Conductance versus barrier width when assuming a barrier height
V 0 ¼ 100 meV and Fermi energies EF ¼ 25 (red), 50 (green), 75 (blue), 100 (yellow)
and 150 (purple) meV in order to perform the calculations. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of
this article.)

becomes stabilised in the vicinity of a constant value. It is also
observed that the oscillations tend to be lower as the Fermi energy
increases.
3. Weighted effective conductance
Up to now we have considered that the carriers scatter through
the barrier with the same probability for each angle of incidence.

2c
h v F p

jEF j

Z þp=2

TðEF ; V 0 ; D; /Þ

p=2

!
/2
 cos / exp  2 d/
2a

ð6Þ

As in the previous case, the effective conductance depends on
EF ; V 0 and D but it shows a different behavior, as shown in Figs. 6
and 7.
Next, we study the behavior of the conductance when the Fermi
energy is changed while the other variables remain at ﬁxed values
(see Fig. 6). The conductance oscillates while it increases until a
local maximum is reached. The value and position of this maximum now depend on the parameters of the Gaussian function
used. Once the maximum is reached, the conductance decreases
until it reaches a local minimum when EF  V 0 . Once the minimum
is surpassed, the conductance increases monotonically (see Fig. 8).
As shown in Fig. 7, when using V 0 as the driving parameter and
the other parameters remain ﬁxed at constant values, we can
see that the effective conductance decreases until it reaches a
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Once EF is greater than V 0 we observe aperiodic oscillations of
the conductance, whose frequency tends to the value x ¼ 2D=
hv F .
We now consider the case in which the Gaussian distribution is

1.0



Gg/(e2/h)

0.8

not centered around /0 ¼ 0 . This might be done by tilting the orientation of the top gate in a graphene – based device as shown in
for example [24]. In this case, the normalization condition is given


pﬃﬃﬃ  0 þp
þp
pﬃﬃ
p0ﬃﬃ
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þ Erf 2/
¼ p.
2 2a
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As we see in Figs. 9 and 10, the results are similar to those
obtained in the previous case, but the minima observed previously
are wider. In fact, as a becomes closer to zero these minima
become wider (see Fig. 11).
3.2. Delta distribution

Fig. 6. Effective conductance versus the Fermi energy when the distribution

function of the angle of incidence is a Gaussian function centered around /0 ¼ 0
assuming different widths of the Gaussian: 0.64 (red), 0.21 (green) and 0.08 (blue).
The height of the barrier is V 0 ¼ 200 meV and its width is D ¼ 100 nm. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)
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We now consider the extreme scenario in which the Gaussian
function is so narrow that it can be represented by a Delta function
dð/  /0 Þ. This is the case in which the material is ideal and all the
carriers scatter through the barrier with the same angle of incidence, /0 .
In this case, the conductance is given by:
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ð7Þ
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Fig. 7. Conductance versus the height of the barrier V 0 asuming a Gaussian

probability distribution function centered around /0 ¼ 0 . The width of the
Gaussian distribution is a ¼ 0:64 (red), a ¼ 0:21 (green) and a ¼ 0:08 (blue). The
Fermi energy of the system is assumed to be EF ¼ 100 meV and the width of the
barrier is D ¼ 100 nm. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

0.4

0.0

0

100

200

300

400

EF (meV)
Fig. 9. Conductance versus the Fermi energy considering that the distribution is a

Gaussian function centered around /0 ¼ 22:5 using different widths for the
Gaussian function: a ¼ 0:65 (red), a ¼ 0:21 (green), a ¼ 0:08 (blue). The height of
the barrier is V 0 ¼ 200 meV and its width D ¼ 100 nm. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of
this article.)
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Fig. 8. Conductance versus barrier width using a Gaussian distribution of proba
bility centered around /0 ¼ 0 . The width of the Gaussian is assumed to be a ¼ 0:64
(red), a ¼ 0:21 (green) and a ¼ 0:08 (blue). The Fermi energy is EF ¼ 50 meV (line)
and EF ¼ 150 meV (dashed line). Also, the barrier height is V 0 ¼ 100 meV. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)

minimum around EF  V 0 . It is also observed that the narrower the
Gaussian function (which is equivalent to a less disordered distribution), the more pronounced the variation in the conductance.
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Fig. 10. Effective conductance versus the height of the barrier V 0 considering that

the distribution is a Gaussian function centered around /0 ¼ 22:5 using different
widths for the Gaussian function: a ¼ 0:65 (red), a ¼ 0:21 (green), a ¼ 0:08 (blue).
The Fermi energy is EF ¼ 100 meV and its width D ¼ 100 nm. We note that as the
Gaussian becomes narrower, i.e, as the number of inhomogeneities decreases, the
conductance minimum becomes wider. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 11. Effective conductance versus the barrier width D assuming that the

distribution is a Gaussian function centered around /0 ¼ 22:5 for a ¼ 0:65 (red),
a ¼ 0:21 (green), a ¼ 0:08 (blue) for EF ¼ 50 (line), 150 meV (dashed line) and
V 0 ¼ 100 meV. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)

Fig. 13. Conductance versus the barrier height assuming a delta – like distribution
assuming that the Fermi energy is EF ¼ 100 meV and that the width of the barrier is
D = 100 nm. This calculation was performed assuming different angles of incidence
/0 ¼ 0° (red), 2° (green) and 5° (blue). (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this article.)

It is observed that the effective conductance now depends on
the incidence angle, along with the rest of the parameters previously considered (Fermi energy, EF , height of the barrier, V 0 , and
width of the barrier, D).
In particular, if the current ﬂows perpendicularly to the barrier,
the transmission coefﬁcient equals 1 without dependence either
on the Fermi energy or on the parameters of the barrier as a consequence of the Klein paradox [21–23]. Therefore, the conductance
is proportional to the Fermi energy:

(the top gate voltage in our schematized model) as a driving
parameter. In this case, the dependence of the conductance on
the width of the barrier shows no remarkable features except for
a small oscillation whose amplitude depends on the Fermi energy
(see Figs. 14 and 17).
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2
h v F
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For non – normal incidence, the conductance presents an effective
V0
of the Fermi energy, developing an
gap between the values 1sin
/0
effective minimum at EF ¼ V 0 = cos2 /0 (as shown in Fig. 12), whose
value is

Gmin
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cos1 /0
¼
cosh
 vF
 vF
h
h
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In this scenario, in which we assume a delta-like probability
distribution function, we can see that for an angle of incidence of

/0 ¼ 22:5 (or p=8) a wide minimum of the conductance is developed (Figs. 12 and 13). This minimum is formed when using both
the Fermi energy (which can be associated with the back gate voltage of the transistor shown in Fig. 1) and the height of the barrier
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Fig. 14. Effective conductance versus the width of the barrier if a delta – like
distribution probability is assumed at Fermi energies EF ¼ 50 (line), 150 meV
(dashed line), and the height of the barrier potential is V 0 ¼ 100 meV. We have
assumed different angles of incidence: /0 ¼ 0° (red), 2° (green) and 5° (blue). (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)
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Fig. 12. Effective conductance versus Fermi energy when a delta like distribution
when the height barrier is V 0 ¼ 200 meV and its width D ¼ 100 nm. We assume

different angles of incidence: /0 ¼ 0 (red), 2° (green) and 5° (blue). These curves
are the limit of a narrow Gaussian. (For interpretation of the references to color in
this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 15. Effective conductance versus the Fermi energy when a delta – like

probability distribution function is assumed at an angle of incidence /0 ¼ 22:5 and
when the potential barrier is such that V 0 ¼ 200 meV and D = 100 nm.
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trajectories an effective gap is induced. Moreover this phenomenon
is robust and persists when we consider the presence of disorder
and inhomogeneities. Therefore, we believe that this gap might
be suitable to control transport in a graphene – based ﬁeld effect
transistor. This phenomenon occurs for any angle of incidence /0 .
The position and width of the energy gap depend on both the barrier height and /0 itself. This feature might be an important step in
the development of transistors based on graphene since the lack of
a gap is one of the main difﬁculties found when attempting to
modulate the current effectively via the bias.
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Fig. 16. Conductance versus the height of the barrier V 0 when a delta – like

probability distribution function is assumed at an angle of incidence /0 ¼ 22:5 and
the other parameters are such that EF ¼ 100 meV and D = 100 nm.
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As the angle of incidence increases, the features described
above tend to be greater. In particular, the effective gap that
appears is wider and more pronounced, as seen in Figs. 15 and

16 where we have assumed an incidence angle /0 ¼ 22:5 . The
observed minimum of the conductance shows that in certain conditions Klein tunneling might be avoided and that the construction
of an effective FET based on graphene with a noticeable on–off
ratio is feasible.
4. Conclusions
In this work we have established a theoretical model in order to
study transport through a square barrier potential in monolayer
graphene. This model has been applied to describe the conductance between the two terminals of a graphene-based FET. The
developed model considers the impact of the electrons on the
potential barrier generated by the FET potential gates. To overcome
the Klein effect we have considered non-perpendicular top-gates
with respect to the source-drain contacts. For ballistic carriers traveling from source to drain this could induce an average angle of
incidence of the carriers with the potential barrier. Of course, in
a real device, disorder, impurities and any other source of scattering can produce strong deviations of this naive picture. The presence of scattering events have been modeled using different
weight functions, such as gaussian probability distribution in order
to effectively consider all the possible angles of incidence. We have
found that for carriers reaching the barrier with non-perpendicular
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