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Classical Hall Effect

Motion of charged particles in a magnetic field

Newton in a magnetic field,
m

dv
= qv × B .
dt

If B = Bẑ and uniform: cylindrical helix
• Cyclotron orbits in the XY -plane.
• Uniform motion in the Z -plane.
• Cyclotron frequency: ωc = qB/m.
• Cyclotron radius: Rc = p⊥ /qB.

Cyclotron orbits = two perpendicular linear harmonic oscillators.
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Motion of charged particles in crossed magnetic and electric fields

Newton in electric and magnetic fields,
m

dv
= q(E + v × B) .
dt

If B = Bẑ and E⊥B (both uniform):
trochoid
• Cyclotron orbits + Drift.
• vd = E × B/B 2 .
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Conductivities and resistivities

Average velocity, vd =⇒ j = qne vd .
Ohm’s law: j = σE =⇒ jµ = σµν Eν .

(σ = ρ−1 )

ne q
,
B
B
=
.
ne q

σxx = 0 ,

σxy =

ρxx = 0 ,

ρxy
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Scaling

R and G are measured instead of ρ and σ. These are related by geometric factors.

R=ρ

L
.
A

In d-dimensions, A ∝ Ld−1 so R ∼ ρL2−d .
If d = 2, then R = ρ !
In general, R = ρf (L/W ), but for Rxy we have f (L/W ) = 1 (not for Rxx ).
So Rxy is independent of the sample geometry.
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Quantum Hall Effect

Conductivities and resistivities

9

Subbands
Quantization in the Z -direction: quantum well (subbands, kz ∝ a−1 ).

ρ(E ) =

m∗
2π~2

(DOS per spin) .
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Motion of charged particles in a magnetic field: Landau levels

Cyclotron orbits = two perpendicular linear harmonic oscillators.

E = ~ωc



1
,
n+
2

n∈Z,

Landau levels.

Quantization of kinetic energy in the XY plane.
Note: spin splitting (Zeeman) unimportant hereafter (beware of factors of 2!)
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Motion of charged particles in a magnetic field: Landau levels
Two degrees of freedom, but just one quantum number, n.
Huge degeneracy (hidden symmetry, magnetic Brillouin zone):
D = A~ωc ρ(E ) =

Φ
.
Φ0

• Flux quantum: Φ0 = h/e.
• Magnetic length (lB ): Φ0 = 2πlB2 B.
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Motion of charged particles in a magnetic field: Landau levels

How many levels are filled?
• N: total number of electrons (ne = N/A).
• D: degeneracy (# of allowed states at a given level)
The filling factor:
ν=

N
= ne 2πlB2
D
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Motion of charged particles in a magnetic field: Landau levels

Combining these two

ν=

N
= ne 2πlB2 ,
D

ρxy =

B
ne e

results in

ρxy =

h
.
e2ν

However, ν is only an integer for specific values of B or ne .
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Motion of charged particles in a magnetic field: Landau levels
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Disorder

Absence of impurities: translational invariance (no preferred frame of reference).
Note: crystal potential is ignored or considered in m∗ (E still ∝ k 2 ).
Transformation to a frame of reference moving with −v relative to the lab.
• Lab:
v = 0 (velocity of electrons), j = 0, E = 0 and B = Bẑ.
• Moving frame (Lorentz, v  c):
v (velocity of electrons), j0 = −ne ev, E0 = −v × B, B0 = B.
Then, using E0 = ρ0 j0 , we find
ρ=

B
ne e

0
−1

!
1
0

This result is independent of the frame of reference: it holds even in the v = 0 frame
(i.e. the lab).
Conclusion: any translationally invariant system displays a ρxy linear in B.
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Disorder

Disorder modelled by hills and valleys, V (R) (locally well defined Landau levels):


1
E = ~ωc n +
+ V (R)
2
Drift velocity vd = E × B = −∇V × B.
• Hills and valleys (V 6= 0): localized motion along equipotentials.
• Extended state exactly at V = 0.
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Disorder
Mobility gaps

Correlation length:
ξ ∼ |E − Ec |−ν ,

ν = 2.35 ± 0.08

Divergence of ξ = second order phase transition.
Extended states at Ec (clean Landau level) if system size L < ξ (effective
delocalization).
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Laughlin quantization

Laughlin quantization relies on gauge invariance.

• Magnetic field: A = (0, Bx, 0).
• Solenoid: AΦ = (0, −Φ/2πR, 0).

If Φ → Φ + ∆Φ, then AΦ → AΦ − ∇χ(r) and
ψ(r) → ψ(r)e ieχ(r)/~ ,

χ(r) =

∆Φ
y
2πR
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Laughlin quantization

• Extended states: φ(x, y + 2πR) = φ(x, y ) =⇒ ∆Φ =

h
e

× integer

• Localized states: continuous gauge transformation is allowed.
Fermi energy inside localized states: N filled extended states.
Apply ∆Φ adiabatically. Adiabatic theorem: state m remains in state m. However,
when reaching ∆Φ = h/e, extended state m flows to extended state m + 1. Localized
state does not move, just phase change.

Then, N electrons flow out of the system (right reservoir) and N electrons flow inside
(left reservoir).
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Laughlin quantization

Hence, if ∆Φ = Φ0 in ∆t = T , then
• emf: εy = −∂Φ/∂t = −Φ0 /T .
• Current: Ix = −Ne/T .
Thus, since εy = Ryx Ix we obtain
Ryx =

h
,
Ne 2

Quantized! As long as the Fermi energy is inside the localized states, Rxy is quantized.
N is the number of Landau levels below the Fermi energy.
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Topological quantization

Laughlin’s argument is elegant. Yet, it has a problem:
• Classically: an electron is either in A or B, not both.
• Quantumly?
Average charge (over many pumps) is quantized: that is where topology enters.
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Topological quantization

Gauss-Bonnet Theorem for closed
surfaces:
Z

d 2r

K = 4π(1−g ) = 2π (F + V − E ) ,
|{z}
|
{z
}

1/R1 R2

Euler

The integral of a geometric property
(Gaussian curvature) gives an integer, a
topological number g (genus).
It is as if the average of K is an integer, because K is different in (say) a sphere and in
an ellipsoid.
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Topological quantization

Gauge freedom in quantum mechanics.
Let R = {R µ , µ = 1, . . . , d} be a set of
parameters of the Hamiltonian, H(R).
For each R, let |n; Ri be a normalized
state (assumed non-degenerate). Then,
e iφ |n; Ri is also an eigenstate. In fact, a
physical state is given by an equivalence
class
{|Ri} ≡ {g |Ri|g ∈ U(1)}
Notice that g can be g (R) as long as it
belongs to U(1).
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Topological quantization

Let g = e iφ be independent of R. Then,
|Ri → e iφ |Ri
implies
|∂µ Ri → e iφ |∂µ Ri
It transforms properly :-)
Parallel transport condition: hR|∂µ Ri = 0.
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Topological quantization

Let g = e iφ(R) . Then,
|Ri → e iφ(R) |Ri
implies
|∂µ Ri → e iφ(R) (i∂µ φ(R)|Ri + |∂µ Ri)
This is not properly transformed :-(
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Topological quantization

Mathematicias introduce the notion of covariant derivative.
Let g = e iφ(R) . Then,
|Ri → e iφ(R) |Ri
implies
|Dµ Ri → e iφ(R) |Ri
with Dµ the covariant derivative
|Dµ Ri = |∂µ Ri − |RihR|∂µ Ri
Parallel transport condition: hR|Dµ Ri = 0.
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Topological quantization

We can also write
|Dµ Ri = |∂µ Ri − iAµ (R)|Ri
with Aµ the Berry connection
Aµ (R) = −ihR|∂µ Ri
This looks familiar! The mechanical momentum πi is related to the canonical
momentum pi in a magnetic field via

e 
πi = pi + eAi = −i~ ∂i + i Ai
~
So in the problem of charged particles in a magnetic field, πi plays the role of a
covariant derivative.
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Topological quantization

A brief aside: Aharonov-Bohm effect.
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Topological quantization

Particle in a box centered at R: VR (r). The energy state is ψn0 (r − R) with energy En .
Place the box next to an infinite solenoid carrying flux Φ. Then,
H=

1
(p + eA)2 + VR (r)
2m

and the wavefunction changes to


Z
ie r
A(r0 ) · dr0 ψn0 (r − R) .
ψn (r, R) = exp −
~ R
If transport is along a closed loop C , there is an accumulated phase,
I
e
e
γAB (C ) = −
A · dR = −nC Φ .
~ C
~
nC is a winding number, corresponding to the number of times C cycles around the
solenoid.
This is an example of a topological holonomy (in contrast to geometric holonomy).
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Topological quantization

Can we use Stokes’ theorem in the Aharonov-Bohm phase? Well, it is a little bit
tricky, because the loop around the solenoid is not simply connected: one cannot
shrink the loop without entering the region of magnetic flux.
As a result, if we use Stokes’ theorem, we must include that region where there is
magnetic field but the electron cannot penetrate. That is the reason for a non-zero
winding number.
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Topological quantization

In the more general case we saw before, γ is the so-called Berry phase,
I
γB =
Aµ (R)dx µ
C

Continuing with the analogies, there is a Berry curvature (analog of EM tensor)
Fµν = ∂µ Aν (R) − ∂ν Aµ (R)
which is such that (Stokes’ theorem)
Z
γB =

Fµν dx µ ∧ dx ν
S(C )

γB is gauge invariant ( mod 2π).
In the Aharonov-Bohm effect, the parameters R are the position of the box, and the
Aharonov-Bohm phase is simply γAB = γB .
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Topological quantization
Wait a minute! If we are integrating a curvature, is there any similarity with the
Gauss-Bonnet theorem?
Indeed there is. Chern introduced a more general version of the Gauss-Bonnet
theorem where he introduced the notion of Chern classes, characteristics, numbers,
etc. Mathematically, he could show that for 2D compact manifolds (there is a more
general result for arbitrary manifolds)
Z
Fµν dx µ ∧ dx ν = 2πC
S

where C ∈ Z is the first Chern number.
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Topological quantization

If we come back to the quantum Hall
effect, what is the 2D compact manifold
here? Well, we can consider Laughlin’s
geometry and then paste the two ends
to form a torus. Wait! This torus is not
the parameter-space torus. It is
introduced for the following trick: it
allows us to apply fluxes in the x and y
directions, while retaining the magnetic
field perpendicular to the torus.
Although there can be spectral flow, the system is in any case invariant under Φi
(i = x, y ) going from zero to Φ0 , so we can introduce angular variables
θi = 2π

Φi
,
Φ0

θi ∈ [0, 2π)

that do define a parameter-space torus (i.e. a 2D compact manifold).

34

Topological quantization

Hence, we will have a Berry connection and Berry curvature given by
Ai = −ihψ|∂i |ψi ,

∂i ≡

∂
∂θi

Fxy = ∂x Ay − ∂y Ax
or more explicitly,
Fxy =

∂
∂ψ0
∂
∂ψ0
hψ0 |
i−
hψ0 |
i
∂θx
∂θy
∂θy
∂θx

and the Chern number will be
C =

1
2π

Z
2
TΦ

d 2 θFxy

where TΦ2 is the parameter-space torus.
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Topological quantization
We need to relate all this to the quantum Hall effect. Let H0 be the Hamiltonian of a
system in a magnetic field with H0 |ni = En |ni. Let |ψ0 i = |0i be the ground state.
Then, it can be shown using the Kubo formula that the Hall current is given by


∂
∂ψ0
∂
∂ψ0
σxy = i~
hψ0 |
i−
hψ0 |
i
∂Φy
∂Φx
∂Φx
∂Φy
But wait! Remember that θi = 2πΦi /Φ0 , so
σxy = −

e2
Fxy
~

And here we are again at the Gauss-Bonnet situation: this formula relates the
conductivity to the Berry curvature, which depends on the geometry. In order to
obtain the correct results, we need to average over all fluxes so as to obtain the Chern
number shown before.
Z
e2
d 2θ
σxy = −
Fxy
2
~ TΦ (2π)2
or equivalently
σxy = −

e2
C
h
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Topological quantization

How does the Chern number change from one plateau to the next, if it is an integer?
The reason has to be traced back to the degeneracy requirement we made at the very
beginning: degeneracies require non-abelian (i.e. matrix phase factors instead of
scalars) Berry phases. In fact, if the ground state becomes degenerate, then the Berry
curvature diverges (there is a factor of (En − E0 )−1 from perturbation theory) and the
Chern number is no longer well defined.
It is only when the Fermi energy is in the mobility gap that the Chern number can be
defined. If extended states cross the Fermi surface (i.e. the filling factor is changed),
then the Chern number is ill-defined. This fact can be seen in terms of Green’s
functions of the system, which are exponentially localized only when the Fermi energy
sits in a gap.

37

Summary
The quantum Hall effect can be explained through gauge invariance: Laughlin
However, it becomes necessary to average over all pumps: Topology
Disorder is necessary for two reasons:
• It allows the Fermi energy to vary monotonically (explains plateaus)
• If absent, itt would lead to ρxy ∝ B (Lorentz invariance)
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Edge states
So far we have forgotten about the edges of the sample. However, any sample has
edges! At the edges, electrons experience a confining potential V (x), and the Landau
levels curve upwards

At the edges, there is a drift velocity given by vd = −∇V × B/B 2 and so


1 ∂V (x)
vd = −
ŷ
eB
∂x
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Edge states

Moreover! This states are not localized by disorder.

Edge states are chiral: i.e. forward-moving.
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Edge states

We can even understand with a semiclassical picture based on percolation arguments
that the edge states are available for transport when µ sits in the region of localized
states. Increasing µ corresponds to increasing the filling factor, which in our analogy is
the same as pouring more and more water. The percolation transition occurs when
the bulk extended states connect both edges.
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Edge states

Current will flow from µ1 to µ2 to
restore equilibrium, which is never
achieved because the chemical potential
is fixed externally (e.g. with a battery).
These edge states behave like
one-dimensional ballistic conductors and
it is known from quantum transport that
if we have ν channels, then current will
be (missing usual factor of 2 due to
spin)
e
Iy = ν (µ1 − µ2 )
h
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Edge states

Now, we measure voltage:
• Voltage probes on the same side: Vy = 0 (chemical potential is the same
everywhere!)
• Voltage probes on opposite sides: eVx = µ1 − µ2
Finally,
Ryy =

Vy
=0,
Iy

Rxy =

Vx
h
= 2
Iy
e ν

Hence, Rxy is quantized.

43

Edge states

Alternative: Büttiker-Landauer (useful later).
• Ii : current flowing in/out of the i-th contact.
• µi = eVi : chemical potential of i-th contact.
• Tj←i = Tji : transmission probability from contact i to j.
Then,
Ii =


e2 X 
Tj←i Vi − Ti←j Vj
h j6=i

which satisfies
I =

X

Ii = 0

i
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Edge states

If we have N contacts, then
 
P
I1
j6=1 Tj1
 I2 
 −T21
2
 

.= e 
..
.
h 
.

.
IN
−TN1

−T12
P
j6=2 Tj2
..
.
−TN2

...
...
..
.
...

 
−T1N
V1
 V2 
−T2N 
 
 .  ,
..
 . 
 . 
.
P
VN
T
j6=N jN

In the quantum Hall effect, chirality ensures that Tj←i = 1 if j = i + 1. All other
Tji = 0.
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Edge states
Example: six-terminal Hall bar with ν channels.

Inject current I in 1 (I1 = I , V1 = V ), collect in 4 (ground 4; I4 = −I , V4 = 0).


I
1
0
−1
 

0
νe 2 
 
 0
 =

−I 
h  0
 

0
 0
0
0


0
1
−1
0
0
0

0
0
1
−1
0
0

0
0
0
1
−1
0

0
0
0
0
1
−1

 
V
−1
 
0 
 V 2 
 
0 
 V 3 
  .
0  0 
 
0  V 5 
V6
1
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Edge states

As expected: V2 = V3 = V , V5 = V6 = 0. Hence,
I =

νe 2
V.
h

The longitudinal and Hall resistances are
RL =

V2 − V3
V5 − V6
=
=0,
I
I

RH =

V2 − V6
V3 − V5
h
=
= 2
I
I
e ν

Quantized!
47

Quantum Spin Hall Effect: Kane and
Mele

Graphene

• A atoms: RA = n1 a1 + n2 a2 + t1 .
• B atoms: RB = n1 a1 + n2 a2
ni are integers.
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Graphene
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Graphene
Hamiltonian:
H=

X
X
p2
+
V0 (r − RA ) +
V0 (r − RB )
2m
R
R
A

A

Tight-binding: linear combination of pz -orbitals φ(r)
X
X
ψ(r) =
ψA (RA )φ(r − RA ) +
ψB (RB )φ(r − RB )
RA

RB

We shall consider only nearest-neighbours.
• Transfer integral between nearest neighbours: γ0 =

R

d 3 r φ(r − t1 )V0 (r − t1 )φ∗ (r).

• Energy origin: pz orbital energy.
Hence, if Hψ(r) = E ψ(r)
E ψA (RA ) = −γ0

3
X

ψB (RA − tl )

l=1

E ψB (RB ) = −γ0

3
X

ψA (RB + tl )

l=1
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Graphene

Assume ψA (RA ) ∝ fA (k) exp (ik · RA ) and ψB (RB ) ∝ fB (k) exp (ik · RB ). Then,
0
∗ (k)
hAB

!
hAB (k)
0

!
fA (k)
=E
fB (k)

fA (k)
fB (k)

!
,

hAB (k) = −γ0

X

e −ik·tl

l

Hence, the π bands of graphene are given by
E± = ±|hAB (k)|
Because the unit cell contains two atoms and each atom contributes one electron, the
Fermi energy sits right at the top of the valence band.
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Graphene

Graphene is a semimetal!
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Graphene

Near K and K0 one can approximate
√
E± (k) = ±~vF |k| ,

vF =

3aγ0
≈ 106 m/s
2~

where k = q + K(K0 )
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Graphene
Although we are now used to encounter the Dirac cone structure of graphene, there is
something that needs to be clarified. Let us consider degeneracies in a two-band
model, as the model derived above is. A two-band model will be described by a 2 × 2
matrix (it has two eigenvalues), so consider an arbitrary 2 × 2 matrix of complex
coefficients.
!
a11 a12
A=
a21 a22
Rearrange it a bit
12
σz
≡d0
dz
}| !{
z
}|
{ z }| !{ z
}|
{z
1
1
1 0
1
0
+ (a11 − a22 )
A = (a11 + a22 )
0 1
0 −1
2
2
!
!
1
1
0 1
0 −i
+ (a12 + a21 )
+ i(a12 − a21 )
1 0
i
0
2
2
|
{z
}
|
{z
}
| {z }
| {z }
≡dx

σx

≡dy

σy

Hence,
A = d0 12 + d · σ
Important case: hermitian matrices (e.g. Hamiltonian), A = A† , so d0 and d are real.
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Graphene
Now, instead of considering a fixed 2 × 2 matrix, consider that the coefficients depend
on a set of parameters, R, such that di = di (R). Then, instead of a matrix we have a
family of matrices. Let us calculate the eigenvalues of A:
Au = λu
Let Ã = A − d0 12 and λ̃ = λ − d0 . Then
Ãu = λ̃u
Act on the left with Ã,
Ã2 u = λ2 u
Using the anticommutation relation {σi , σj } = 2δij 12
Ã2 = |d|2
Hence,
λ = d0 ± |d(R)|
This results assume of course that the A matrix is not an operator. Otherwise, A(Au)
may not be equal to A2 u. For instance, if A = x∂x 12 , then
A(Au) = x∂x u + x 2 ∂x2 u 6= x 2 ∂x2 u = A2 u.
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Graphene

λ = d0 ± |d(R)|
These two eigenvalues become degenerate if |d(R)| = 0, which implies d(R) = 0.
Equivalently,
dx (R) = 0 ,
dy (R) = 0 ,
dz (R) = 0
If R = (R1 , R2 , R3 ), then these three equation*s define a system of three equation*s
for three unknowns, Ri . However, if i < 3 (e.g. i = 2 in the case of graphene where
R1 = kx , R2 = ky ), these three equation*s may only have accidental solutions. This is
the Wigner-von Neumann theorem or the avoided crossing theorem.
However, in graphene there are actually degeneracies at the K and K0 points. How is
it possible according to our discussion? Symmetry may impose constraints on the di ’s,
so that we may eliminate one equation* in the above system of equation*s.

57

Symmetries

Among all possible symmetries, we shall be concerned with two particular (discrete)
symmetries: space inversion symmetry, P and time inversion (reversal) symmetry, T .
Spatial inversion symmetry, P. Under P we have
r → −r ,

p → −p

s→s

The reason for s to remain invariant is because it is a pseudovector, just like the
orbital angular momentum L = r × p.
This symmetry is represened by a unitary1 operator P.

1

U is unitary of 1) it is linear, Uc|ψi = cU|ψi and 2) UU † = U † U = I
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Symmetries

Time reversal symmetry, T . Under T we have
r→r,

p → −p

s → −s

This symmetry is represented by an antiunitary2 operator, T , so that [x, p] = i~
remains invariant under T .
Time-reversal symmetry is a little tricky, it depends on the representation. In order to
keep the ideas as simple as possible, we shall concentrate on the coordinate
representation of the problem.
It can be shown (and we will do so in a minute) that the time-reversal operator can be
written as
T = YK
with Y unitary and K complex conjugation.

2
U is antiunitary if 1) it is antilinear, Uc|ψi = c ∗ U|ψi and 2) U −1 exists. In the case of T , this ensures that
TiT −1 = −i so that [x, p] is T -invariant
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T : spinless particles

Spinless particles: consider the Schrödinger equation*
HΨ(x, t) = i~∂t Ψ(x, t) ,

where

H = T + W (x) ,

with T the kinetic energy and W (x) an arbitrary potential. If we require the potential
to be real, that is, W = W ∗ , then H = H ∗ and
HΨ∗ (x, t) = −i~∂t Ψ∗ (x, t) .
Doing t → −t implies
HΨ∗ (x, −t) = i~∂t Ψ∗ (x, −t) .
Hence, if Ψ(x, t) is a solution then so is Ψ∗ (x, −t). This suggests that we may
identify the time-reversal operator with the complex conjugation operator,
T =K .
This justifies our previous slide where we introduced the complex conjugation
operator. In this case, Y = I is the identity operator.
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T : spinful particles

Spinful particles: we said that the spin operator must change sign under T . Typically,
both Sx , Sz are real while Sy is complex. Then, under complex conjugation we would
have
Sx → Sx ,
Sy → −Sy ,
Sz → Sz .
We need the unitary operator Y to be such that it reverses the signs of Sx and Sz
while leaving Sy intact. It must not affect x and p either. This is achieved if we
perform a rotation through the angle π about the y axis in the spin space. In quantum
mechanics, rotations of angle θα about the axis α are governed by unitary operators of
the form exp(−iθα Jα ), where J is the angular momentum3 . Hence, finally
T = exp(−iπSy /~)K .

3
As a side note, displacements of length aα along the axis α are given by exp(−iaα Pα ), where P is the linear
momentum.
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T : Kramers’ theorem

Notice that since iSy is real, then
T 2 = exp(−2iπSy /~) .
Then, the eigenvalues of T 2 are either +1 for integer spin particles4 and −1 for half
odd-integer spin5 . Let us see the consequences of this fact when a Hamiltonian is
symmetric under T . How can we formulate mathematically that there is a symmetry?
Well, imagine that a system is invariant under rotations. It would mean that we could
either study the action of H under a state |ψi, or we could rotate the system, apply H
and then unrotate it back. That is to say, U −1 HU|ψi = H|ψi for any arbitrary |ψi.
Hence, it can be taken as an operator identity and write [H, U] = 0.

4
5

exp(−i2nπ) = 1 since n ∈ N.
exp(−iπn) = −1 since n = 1, 3, . . .
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T : Kramers’ theorem

Let us apply this to T symmetry. Let H|Ψi = E |Ψi. Then, if H is T symmetric, then
[H, T ] = 0. Hence,
HT |ψi = TH|ψi = TE |ψi = ET |ψi ,
Thus, if |ψi is an eigenstate of H with eigenvalue E , then T |ψi is also an eigenstate
with the same eigenvalue. Now the question is: are |ψi and T |ψi degenerate states or
not? Two states with the same eigenvalue are not degenerate if they describe the same
state up to a phase, that is to say they are parallel, |φi = c|χi. Otherwise, they are
orthogonal and degenerate. Let us say that T |ψi and |ψi are nondegenerate. Then,
T |ψi = c|ψi ,

c∈C.

Let us act with T on both sides6
T 2 |ψi = |c|2 |ψi .

6

Recall that T is antiunitary and so Tc|ψi = c ∗ T |ψi.
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T : Kramers’ theorem

For integer spin, the eigenvalues of T 2 are +1 and hence |c|2 = 1 is fine. However, for
half odd-integer spin, the eigenvalues are −1 and hence |c|2 = −1 is not allowed. This
result is known as Kramers’ theorem: all eigenstates of a T invariant Hamiltonian are
at least twofold degenerate in a system of half odd-integer particles.
In many cases the degeneracy implied by Kramers’ theorem is merely that of spin up
and down electrons. However, the theorem is nontrivial when any T symmetric
perturbation such as spin-orbit coupling in an unsymmetrical electric field (Rashba
effect, more on this later), so that neither spin nor angular momentum are conserved.
Kramers’ theorem implies that no such field can split the degenerate pairs of energy
levels. However, the degeneracy can be broken by an external magnetic field that leads
to a Zeeman term, γs · B. This term breaks T symmetry because s changes sign, but
B doesn’t because it is external.
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T : spin-1/2

Spin-1/2 particles: for spin-1/2 particles, Sy = ~sy /2 and so T = exp(−iπsy /2)K .
The exponential can be simplified using the properties of the Pauli matrices:
exp (−iπsy /2) =


n
∞
X
1
iπ
− sy
.
n!
2
n=0

The sum can be separated into even and odd n,
∞
∞
X
X
(−1)n  π 2n 2n
(−1)n  π 2n+1 2n−1
sy −i
sy
= −isy .
(2n)!
2
(2n
+ 1)! 2
|{z}
| {z }
n=0
n=0
|
|
{z
} =1
{z
} =sy
cos(π/2)=0

sin(π/2)=1

Hence,
T = −isy K .
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Back to graphene! Remember that a two-band model in k-space can be written as
follows (forget about the d0 12 term as it only sets the origin for E )
!
dz (k)
dx (k) − idy (k)
H =d·σ =
dx (k) + idy (k)
−dz (k)
Imagine the two-band model corresponds to a crystal with two sublattices, A and B.
Then, the diagonal terms correspond to intra-sublattice couplings, whereas the
non-diagonal terms represent inter-sublattice couplings. Let us apply the two
symmetries we have studied just now.
P symmetry: PH(k)P −1 = H(k)
A ↔ B (σx ), k → −k, i.e. PH(k)P −1 = σx H(−k)σx = H(k).
dx (k) = dx (−k) ,

dy (k) = −dy (−k) ,

dz (k) = −dz (−k)

T symmetry (spinless): TH(k)T −1 = H(k)
Spinless (K ), k → −k, i.e. TH(k)T −1 = KH(−k)K = H ∗ (−k) = H(k).
dx (k) = dx (−k) ,

dy (k) = −dy (−k) ,

dz (k) = dz (−k)

Hence, if both hold, dz (k) = 0 for all values of k and we would only have two
equation*s for two unknowns!
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In graphene we obtained
0
∗ (k)
hAB

H=

!
hAB (k)
,
0

hAB (k) = −γ0

X

e −ik·tl

l

and so,
dx (k) = −γ0

X
l

cos(k · tl ) ,

dy (k) = −γ0

X

sin(k · tl ) ,

dz (k) = 0

l

which of course satisfy that dx (k) = dx (−k), dy (k) = −dy (−k), dz (k) = 0.
Hence, the appearance of Dirac points can be explained using the facts that both P
and T are symmetries of the system. The reason for it happening at K and K0 has to
do with C3 symmetry.
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Although there is a proper quantum Hall effect in graphene, which is actually very
interesting, we will not be considering such a case for our following discussion.
Suffices to say that the Landau levels using an effective model around K and K0 do
√
not go with n but with n, the reason being that the squared momenta appear if we
apply the Hamiltonian twice and as such the energy squares. Hence, E 2 ∝ n, and so
√
E ∝ n. Interestingly enough, there is an energy level at E = 0, a feature that
appears in relativistic massless systems.
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Our goal is to obtain a gapped system with non-trivial topology, just like the quantum
Hall effect. In order to open up a gap, there are two interesting posibilities: break P
or break T . We can try to see which of these two would be likely to lead to non-trivial
topology.
When we derived the Chern number in the QHE, we introduced a torus containing two
fluxes. It turns out that the Brillouin zone in two-dimensional crystal latices can also
be viewd as a torus and one can calculate the Chern number for each band, n as
Z
1
Cn =
d 2 kF (k)
2π BZ
and adding up the Chern numbers of all occupied bands gives the Hall conductance,
P
σxy = Ce 2 /h with C = nEn <EF Cn .
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Let us explore the two possibilities (bear in mind that F (k) is like a magnetic field, it
is a pseudovector) (forget the 2π factors):
• Break P, keep T
Z
Cn =

k→−k Z

z}|{
d 2 kFn (k) =

T

z}|{
d 2 kFn (−k) = −

Z

d 2 kFn (k) = −Cn

Z

d 2 kFn (k) = Cn

Hence Cn = 0 for all bands, so no topology.
• Break T , keep P
Z
Cn =

k→−k Z

z}|{
d 2 kFn (k) =

P

z}|{
d 2 kFn (−k) =

Hence Cn may or may not be zero! We may have nontrivial topology :-)
A combination of the two can lead to nontrivial topology as well, because as long as
T is broken, Cn needs not be zero.
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Haldane (Nobel prize winner, 2016) devised a theoretical model where both
symmetries were broken, and the strength of the symmetry breaking could be varied so
that a competition between the two effects could lead to different topological phases.
Let us see how:
• Break P: this is fairly simple, just have two different atoms in the A and B
sublattices (real system, hBN).
• Break T : this is a little more complicated, but can be done from a theoretical
point of view (also experimental, as we shall see). The idea is to introduce a
magnetic field that is zero on average, but has all the symmetries of the lattice.
Through the Peierls substitution (i.e. Aharonov-Bohm in a lattice), one can see
that this leads to complex next-nearest neighbours hoppings, e iφ γ 0 , where φ is
positive if the hopping occurs in the clockwise direction, and negative otherwise.
Since there is no magnetic field, there are no Landau levels, and Haldane baptised his
model as a a model for a quantum Hall effect without Landau levels, also known as
the quantum anomalous Hall effect.
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H = γ0

X

ci† cj + λT

hiji

|

{z

NN-TB

e iΦij ci† cj + λP

X

|

{z

NNN complex TB

ξi ci† ci

i

hhijii

}

X

}

|

{z

}

staggered sublattice

Here φij = φ clockwise and −φ counterclockwise; ξi = 1 for sublattice A and −1 for B.
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Moving to k-space:
• Break P: dzP = λP (in reality this amounts to λP = (εA − εB )/2)
It breaks P because P symmetry requires dz (k) = −dz (−k) and dz is
independent of k here so there cannot be a change of sign. On the other hand, it
preserves T because it requires dz (k) = dz (−k).
• Break T :
dzT (k) = λT sin φ [sin(k · a1 ) + sin(k · a2 ) + sin(k · a3 )]
with a1,2 the lattice vectors indicated at the very beginning and a3 = −(a1 + a2 ).
It preserves P because P symmetry requires dz (k) = −dz (−k), whereas it breaks
T as desired because preserving it requires dz (k) = dz (−k).
So now the band structure would be
E = ±|d|
with
dx (k) = −γ0

X
l

cos(k · tl ) ,

dy (k) = −γ0

X

sin(k · tl ) ,

dz (k) = dzP + dzT (k)

l

The Haldane model allows for a lot of physics, because we can tune three parameters
(λP , λT , φ) and obtain different topological phases.
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Let us try to obtain some more information about the Haldane model. Since we want
to open up a gap at the K and K0 points, it is interesting to calculate the value of dz
at those two points:

• dz (K0 ) = λP −

√

3
sin φ
2
√
3 3
λT 2 sin φ

• dz (K) = λP + λT

3

Notice that if we wanted the gap to be closed at both K and K0 we would need to
have λP = 0 and λT = 0 for all φ, or λT 6= 0 but φ = nπ.
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How can we obtain the topology of this system? Well, we can calculate the Chern
number. It turns out that there is a nice expression for the Chern number in two-band
models
!
Z
∂ d̂
∂ d̂
1
d 2k
×
· d̂
C =
4π BZ
∂kx
∂ky
where d̂ = d/|d|.
There is one simple interpretation of this integral. The vector d̂(k) corresponds to a
mapping from the 2D Brillouin zone (e.g. a torus) to a unit sphere. Then, the value
of C corresponds to the number of times d̂ wraps around the unit sphere.
If dz has the same sign both at K and K0 , C = 0. However, if they have opposite sign,
then C = ±1.
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• dz (k) > 0, C = 0 (no wraping
around the sphere).
• dz (K) > 0(< 0), dz (K0 ) < 0(> 0),
C = 1(−1).
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It then becomes fairly simple to obtain the topological phase diagram for the Haldane
model. Indeed, the critical lines of the model (corresponding to gap closures) take
place when dz (K) = 0 or when dz (K0 ) = 0, or both. Recall that

• dz (K0 ) = λP −

3

√

3
sin φ
2
√
3 3
λT 2 sin φ

• dz (K) = λP + λT

Hence,
• dz (K) = 0 =⇒
• dz (K0 ) = 0 =⇒

λP
λT
λP
λT

√

= − 3 2 3 sin φ
=

√
3 3
2

sin φ

So we can plot λP /λT as a function of φ. The regions where dz has the same sign at
K and K0 will be trivial (C = 0), whereas those with opposite signs will be nontrivial.
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Topological phase diagram (Haldane)

The Hall conductance is simply σxy = Ce 2 /h.
The boundaries where the gap closes, correspond to an odd number of Dirac fermions,
which is known as the parity anomaly. The fermion doubling theorem states that for
T invariant systems the number of Dirac points must be even. This is why Haldane
also named his model: a realization of the parity anomaly.
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We now address the subject of edge states. In order to do so, we will use a result
proved by Hatsugai in 1993, the so-called bulk-boundary correspondence. The
demonstration is rather involved, so we shall stick to the results. Simply put, the
bulk-boundary correspondence tells us the number of chiral edge states arising due to
a difference in the Chern number across the interface:
CR − CL = NF − NB
Hatsugai proved this formula with the integer quantum Hall effect in mind, but it
works equally well in the case of Haldane’s model.

Notice that the formula does not tell how many forward/backward movers are, it is
the difference between these two that is topological.
As a sidenote: Hatsugai (and coauthors) also introduced a way to calculate the Chern
number in discretized Brillouin zone, a trully powerful result taking into account that
computer simulations rely on discretized values of k.
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Let us see the bulk-boundary correspondence in action using Haldane’s model.
Consider a semiinfinite strip such that the bulk is topological. Then if the strip is on
the left we would have CL = ±1, while CR = 0 because it is topologically trivial (any
insulator or even the vacuum). Thus, CR − CL = 1, and we expect to obtain
NF − NB = 1. The simplest case is NF = 1 and NB = 0, of course.

• The edge mode lives in the gap and connects K and K0 for the zigzag geometry.
• A perturbation may lead to backscattering, but the number NF − NB is conserved.
• Only by closing the gap can the edge modes be removed.
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We are now ready to address the Kane and Mele model. Up to now, we have not
considered spin. Or, if you like, we have considered spin-polarized systems. Kane and
Mele noticed that they could open a gap and obtain nontrivial topology without
breaking any symmetries whatsoever. They included spin-orbit interactions and their
Hamiltonian reads
HKM = γ0

X

ci† cj + λSO

{z

NN-TB

e iΦij ci† s z cj + λP

}

|

X

ξi ci† ci

i

hhijii

hiji

|

X

{z

|

}

SO-interaction

{z

}

staggered sublattice

where φij = φ = π/2 if NNN-coupling is clockwise, and −pi/2 otherwise.
Compare it to the Haldane model:
X †
X
X
e iΦij ci† cj + λP
ξi ci† ci
HH = γ0
ci cj + λT
{z

NN-TB

i

hhijii

hiji

|

}

|

{z

NNN complex TB

}

|

{z

}

staggered sublattice

So HKM is simply two copies (s z = ±1) of HH .

81

Kane-Mele
Moving to k-space:
• Break P: dzP = λP (in reality this amounts to λP = (εA − εB )/2)
It breaks P because P symmetry requires dz (k) = −dz (−k) and dz is
independent of k here so there cannot be a change of sign. On the other hand, it
preserves T because it requires dz (k) = dz (−k).
• Preserve T and P:
dzSO (k) = λSO sz sin φ [sin(k · a1 ) + sin(k · a2 ) + sin(k · a3 )]
These are the two copies of the Haldane model. The term preserves P because
dz (k) = −dz (−k). It also preserves T , because now that we have spin we not
only have to flip k, but also sz . These two flips compensate each other and so
dz (k, sz ) = dz (−k, −sz ), as requires T symmetry. We can also see this using
T = −isy K . We must have T H(k)T −1 = H(k), that is, TH(−k)T −1 = H(k).
Since T = −isy K , then T −1 = Kisy and so TH(−k)T −1 = sy H ∗ (−k)sy = H(k).
Since the only spin-dependent term is dzSO , all we have seen up to now stays the
same. Now, dz is real, so we need not worry about complex conjugation. On the
other hand, sy sz sy = −sy sy sz = −sz . And since sin(α) = − sin(−α), when
k → −k there is also a change of sign. These two compensate and so dz does not
break T .
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In graphene we obtained
0
∗ (k)
hAB

H=

!
hAB (k)
,
0

hAB (k) = −γ0

X

e −ik·tl

l

and so,
dx (k) = −γ0

X
l

cos(k · tl ) ,

dy (k) = −γ0

X

sin(k · tl ) ,

dz (k) = 0

l

In reality, since we have spin up and down, we should have written
!
H 02
HG =
02 H
where the upper block corresponds e.g. to ↑ and the lower block corresponds to ↓.
Since HG is a block matrix, we can diagonalize each block separatedly, but both
blocks are the same and thus the spectrum of HG is doubly degenerate, as expected.
However, when adding the Kane and Mele term, H is no longer the same for both
spins. In fact, we should write
!
hAB (k)
dzP ± dzH (k)
H↑↓ =
∗ (k)
hAB
−dzP ∓ dzH (k)
where the upper sign corresponds to ↑ and the lower sign to ↓. Notice that
H↑ (k) = H↓∗ (−k), which is the consequence of T symmetry.
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Hence, the Hamiltonian should be
HG =

H↑
02

02
H↓

!

which again can be block-diagonalized, but now each block is different and will lead to
a different spectrum.
Although the P breaking term is absent in graphene, spin-orbit is not. If the P
breaking term is absent, the spectrum for each spin block will be the same because it
depends on dz2 . However, when we come to the edges, something different must
happen. Indeed, in the Haldane model we obtained a forward propagating mode. That
mode would correspond to the ↑ block. The ↓ block is related by T -symmetry to the
↑ block, and it must happen that E↑ (k) = E↓ (−k), so the forward propagating mode
will have a backward propagating partner of opposite spin!
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The solution of the Kane-Mele model does indeed predict the existence of a bulk gap
and counterpropagating modes of opposite spin at the edges.

This is the quantum spin Hall effect.
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What about the topology? Well, we already know that if T symmetry is preserved,
then C = 0. However, if there are no spin-flipping processes, then we can define
independent Chern numbers for the two blocks, C↑ and C↓ that need not be zero, as
we saw with Haldane’s model. However, these sz nonconserving terms are naturally
present in any system. We need another topological invariant for these systems.
Let us first see that these sz nonconserving terms can be introduced but the system
still remains
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With T symmetry, we asked E↑ (k) = E↓ (−k), which is nothing but the existence of
Kramers’ pairs. Some points of the Brillouin zone k, due to its periodicity, are
equivalent to −k. Those special points are T -invariant and Kramers’ pairs become
degenerate.
Here, k = 0 and k = ±π/a.
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Notice that in the Brillouin zone (BZ) there are time-reversal symmetric points due to
the periodicity of the BZ, the number depending on the dimension. Those points are
such that, due to the periodicity, k is equivalent to −k and so
TH(k)T −1 = H(−k) = H(k). Hence, these T symmetric points are, due to
Krammers’ theorem, doubly degenerate. Notice that k = 0 is always T symmetric
independent of the dimension since TH(0)T −1 = H(0). According to the dimension
we would have (assume lattice constant a = 1)
1. 1D BZ, 2 T sym. points: k = 0 and k = π (equivalent to k = −π).
2. 2D BZ, 4 T sym. points: k = (0, 0), (π, 0) (equivalent to (−π, 0)), (0, π)
(equiv. to (0, −π)) and (π, π) (equiv. to (−π, −π)).
3. 3D BZ, 8 T sym. points: see figure (next slide).
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Let |uα,k i denote a Bloch state of the α occupied band. Since the T operator is
antiunitary, then TT ∗ = T ∗ T = I is the identity, then
X
X
I =
|uβ,k ihuβ,k | =
T |uβ,k ihuβ,k |T ∗ .
β

β

Then,
|uα,−k i =

X

T |uβ,k ihuβ,k |T ∗ |uα,−k i .

β

Consider the following matrix,
ωα,β (k) = huα,−k |T |uβ,k i .
Then,
|uα,−k i =

X

∗
ωα,β
(k)T |uβ,k i .

β
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Notice that the ω(k) matrix is unitary. Indeed,
X †
X
X
∗
ωα,β (k)ωβ,δ (k) =
ωβ,α
(k)ωβ,δ (k) =
huα,k |T ∗ |uβ,−k ihuβ,−k |T |uδ,k i
β

β

= huα,k |

β

X

T ∗ |uβ,−k ihuβ,−k T |uδ,k i = huα,k |uδ,k i = δα,δ .

β

|

{z

=I

}

If we act upon |uα,−k i with T , recalling that Tc|ψi = c ∗ T |ψi, we obtain,
T |uα,−k i = −

X

ωα,β (k)|uβ,k i ,

β

where we have taken into account that T 2 = −I . Acting with huβ,k | from the left we
finally obtain that
ωβ,α (−k) = −ωα,β (k) .
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Let Λ be a generic time-reversal momentum. Then, Eq. (91) implies that ω is
antisymmetric in that case:
ωβ,α (Λ) = −ωα,β (Λ) .
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For instance, if only two bands were occupied, then
!
0
ω12 (Λ)
ω(Λ) =
= −ω12 (Λ)
−ω12 (Λ)
0

0
−1

!
1
.
0

For any antisymmetric matrix A, [Pf(A)]2 = det(A), where Pf(A) is known as the
Pfaffian of A. Then, one can define
Pf[ω(Λi )]
= ±1 ,
δi = p
det[ω(Λi )]

i = 1, . . . , 4 ,

(2D BZ) .

The branch for the square root of the denominator is chosen so that it evolves
continuously from one Λ to another, eliminating the ambiguity of the square root. The
Z2 invariant, ν, is then defined as
(−1)ν =

4
Y

δi ,

i=1

which can be either ν = 0 if the product equals +1 or ν = 1 if the product equals −1.
This formulation can be generalized to 3D and involves the eight T invariant
momenta.
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Calculating the Z2 invariant becomes easier if the crystal has extra symmetries. For
instance, if the spin perpendicular to the 2D system, say Sz , is conserved, then two
independent Chern numbers can be defined, n↑ , n↓ . T symmetry requires the total
Chern number to be equal to zero, that is, n↑ + n↓ = 0. However, the difference
nσ = (n↑ − n↓ )/2 is different from zero and the Z2 invariant is simply
ν = nσ

mod 2 .

s E with
nσ defines a quantized spin Hall conductivity, that is, Jx↑ − Jx↓ = σxy
y
s = n e/(4π) (check Haldane, PRL 97, 036808 (2006)). If S nonconserving terms
σxy
σ
z
are present (which must be there in reality), then n↑↓ lose their meaning, but ν can
still be defined.
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Another simplification is found when the system has inversion symmetry. In that case,
the Bloch states at the Λ points, um (Λ) are also eigenstates of the inversion operator
with eigenvalues ξm (Λ) = ±1. In that case,
δi =

2N
Y

ξm (Λi ) ,

m=1

where the product runs over the 2N occupied bands (check Fu and Kane, PRB 76,
045302 (2007)). Then ν is calculated using
(−1)ν =

4
Y

δi

i=1

Alternatively, taking into account Kramers’ theorem, we can also write ξm as ξ2n and
the product would run from n = 1 up to N instead of m = 1 up to 2N.
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We will finish this section with a little more of the Kane and Mele model. We
introduced spin-orbit coupling terms, which are intrinsic to graphene. Kane and Mele
wondered what would happen if a Rashba term was added to the Hamiltonian. This
term could arise if there is a perpendicular electric field or interactions with the
substrate and s z would no longer be conserved. In that case, the Kane and Mele
model reads,
X
X †
X
X †
e iΦij ci† s z cj + + iλR
ci (s × t̂ij )z cj + λP
ξi ci† ci
HKM = γ0
ci cj + λSO
hhijii

hiji

|

{z

NN-TB

}

|

i

hiji

{z

SO-interaction

}

|

{z

Rashba

}

|

{z

}

staggered sublattice

with tij pointing from site i to j and given by the NN vectors. It can be shown that
this term leads to nonconservation of s z , but it preserves T -symmetry. Notice that
this model is not the two copies of a Haldane model anymore.
In this case, independent Chern numbers C↑↓ loose their meaning and so the
conductivity defined by their difference is not defined anymore. On the other hand,
the system is still topologically nontrivial because of the Z2 index being different from
0. Consequently, topologically protected edge states still appear.
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No Rashba
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Rashba

In the phase diagram it is shown that for sufficiently low values of Rashba, the system
√
√
is still in the QSH phase. In particular, if 3 3 > λP /λSO and 2 3 > λR /λSO , the
system is in the QSH phase. Notice the corssing at the TRIM ka = π.
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Although we will consider transport measurements in the next section, here are some
starters to give you a flavour of what we will encounter. The right-hand side diagrams
represent the population, which can be understood considering the different V ’s
applied.
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The last question we can answer is how robust are these edge states to perturbations
that preserve T symmetry.

Let N be the total number of states propagating in each direction. Incoming states
from the left (L) and right (R) are |n, Li and |n, Ri with n = 1, . . . , N. Outgoing
states are related to these by T symmetry, and these are given by T |n, Li and T |n, Ri.
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Thus, scattering states in both regions will be superpositins of incoming and
outcoming states,
N
X
|ψ, Li =
αn,L |n, Li + βn,L T |n, Li
n=1

|ψ, Ri =

N
X

αn,R |n, Ri + βn,R T |n, Ri

n=1

Let αL = (α1,L , . . . , αN,L ) and the same for αR , βL,R . Then, these vectors of
coefficients must be related by the scattering matrix S
!
!
βL
αL
=S
βR
αR
The S-matrix is a 2N × 2N unitary matrix. It can be written as
!
r
t
S=
t0 r 0
where r , t, r 0 , t 0 are N × N matrices representing reflection and transmission. If the
edge states can be removed by disorder, then we would have t = t 0 = 0, so all modes
must be reflected back. Let us see what constraints are imposed by T symmetry on S.
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If we apply T to |ψ, Li and |ψ, Ri, taking into account that T is antiunitary, we obtain
N
X

T |ψ, Li =

∗
α∗n,L T |n, Li + βn,L
T 2 |n, Li

n=1

T |ψ, Ri =

N
X

∗
α∗n,R T |n, Ri + βn,R
T 2 |n, Ri

n=1

Since T does not change the energy of the state, the scattering matrix is still S. Now,
however, the roles of the α’s and β’s are interchanged.
!
!
∗
α∗L
2 βL
= ST
α∗R
βR∗
If we multiply by T 2 S † and take into account that T 4 = 1 for integer and half-integer
spin, we obtain

T 2S †

α∗L
α∗R

!
=

βL∗
βR∗

!
=⇒

βL
βR

!
= T 2S T

αL
αR

!
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Finally, we have obtained that
S = T 2S T

• Integer spin: T 2 = 1. Then S = S T is symmetric, nothing special. This case is
realized in topological photonics, where protection has to be achieved by breaking
time-reversal symmetry.
• Half-integer spin: T 2 = −1. Then S = −S T is antisymmetric, so r = −r T .
Imagine t = t 0 = 0. Then, since S is unitary, we must have rr † = 1N . So r must
be unitary and antisymmetric. However, this cannot be the case if N is odd,
because unitary matrices have all eigenvalues of unit modulus but
odd-antisymmetric matrices have at least one zero eigenvalue. Thus t = 0 cannot
happen if N is odd.
We conclude that T -symmetry prevents backscattering if N (number of Kramers’
pairs) is odd. On the other hand, it can happen if N is even!
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The distinction between the QSH phase and the insulator phase relies on the number
of Kramers’ pair crossing the Fermi energy (on a given edge). Hence
• QSH: N is odd.
• Insulator: N is even.
Thus, N mod 2 distinguishes between the two phases. Important! N is the number of
pairs.
Below we show the dispersion between to TRIM points, Γa = 0 and Γb = π/a. The
spectrum is symmetric around Γa , so it suffices to count the number of crossings in
the region [0, π/a] as it is equivalent to count the number of pairs.
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These figures are the result for a strip, so there are two edges, and so when counting
the number of pairs it has to be taken into account.

We can then write a bulk-boundary correspondence that says that the number of
Kramers’ pairs, N mod 2 (that is, a pair is NK = 1) is equal to the difference in ν
accross the boundary. That is,
N = ∆ν .
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Although we will not consider 3D topological insulators, here we sketch the derivation
of the Z2 invariants for the 3D case. Let us consider a cubic BZ. The TRIM momenta
are the vertices of the cube with (kx , ky , kz ) ≥ 0. Hence, there are eight TRIM
momenta. Let us call this cube IBZ.
The IBZ has six planes with the symmetries of the 2D BZ, namely, kx = 0, π,
ky = 0, π and kz = 0, π. Therefore, we may think that there should be six invariants,
one invariant per face, which we may denote by x0 , x1 , y0 , y1 , z0 , z1 . However, these
invariants turn out to not be independent, they satisfy x0 x1 = y0 y1 = z0 z1 . These two
constraints limit the number of invariants from six to four independent invariants,
ν0 , ν 1 , ν 2 , ν 3 .
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It can be shown that these invariants are given by
Y
(−1)ν0 =
δ(∆n1 ,n2 ,n3 )
nj =0,π

(−1)νi =

Y

δ(∆n1 ,n2 ,n3 ),

i = 1, 2, 3

nj6=i =0,π;ni =π

Notice that ν0 involves all eight ∆i TRIM momenta, whereas νi involves just four ∆i ’s
because we fix ni = π. Hence, ν0 gives information of the full 3D system, and the νi ’s
give information of the three π planes. It is then customary to write
(ν0 ; ν1 ν2 ν3 )
because (ν1 ν2 ν3 ) can be interpreted as Miller indices to specify the direction of ∆i .
A 3D topological insulator is:
• Strong: ν0 = 1. In this case, the number of Kramers’ points enclosed by the
surface Fermi circle is one. Its partner is located on the opposite surface, and
thus these two cannot anihilate each other.
• Weak: ν0 = 0, but νi = 1 for at least one i. In this case, the number of Kramers’
points enclosed by the surface Fermi circle is two. This system is a descendent of
the QSH phase and is obtained by stacking layers of the 2D system.
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Left: weak. Right: strong.
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Left: weak. Right: strong.
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Quantum
Spin
Hall
HgTe/CdTe quantum wells

Effect:

Kane and Mele (2005); spinful model

The final question would be: why don’t we try to find the QSH phase in graphene?
The (sad) answer is that, although this is all very interesting, the bulk energy gap that
arises from spin-orbit interactions in graphene is quite small because of graphene being
a very light element.
Let’s find other systems then!
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In 2006, Bernevig, Hughes and Zhang (BHZ) came up with the idea of using
HgTe/CdTe quantum wells to obtain the QSHE. Let’s see why, little by little.
The first thing to notice is that if we invert two bands with opposite parity, then from
our previous discussion of the Z2 invariant we can turn from a trivial insulator (ν = 0)
to a nontrivial one (ν = 1). That is, if we invert two bands at, say, Λ1 , then δ1 would
Q
change sign. Thus, the product 4i=1 δi would also change sign, provided that no
other Λi points are affected. Notice that, in general, if the inversion occurs at an odd
number of Λi , then ν will change from 0 to 1, while if it occurs at an even number,
then ν doesn’t change because the change of signs of the δi ’s compensate one
another. This is exactly what happens for example with Pb1−x Snx Te, where inversion
occurs as the fraction x changes simultaneously at four equivalent valleys (four
L-points of the Brillouin zone).
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Hence, SnTe is said to be a trivial insulator in the sense that it is not protected by a
Z2 invariant. However, it is said to be a topological crystalline insulator because it has
gapless surface states protected by mirror symmetry (a symmetry of the crystal, hence
the name crystalline).
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+
Inversion occurs at the four L points, where the L−
6 and L6 bands are inverted respect
to each other. The subscript 6 and the upperscript ± label the symmetry of the
wavefunctions at the corresponding energy. Look at the right-hand pannel (ordering
+ + + − + −
L−
6 L6 L6 L45 L6 L6 L6 ):
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+ + + + − −
Look at the right-hand pannel (ordering L−
6 L6 L6 L45 L6 L6 L6 ):
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A zoom of the inversion:
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Let us come back to HgTe and CdTe. Similarly to what happens with Pb1−x Snx Te,
Hg1−x Cdx Te also experiences a band inversion. However, this inversion occurs only at
one point of the Brillouin zone, the Γ point, making HgTe the perfect candidate for a
topological insulator protected by Z2 symmetry.
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Why, however, do band inversions occur in Hg1−x Cdx Te or in Pb1−x Snx Te? Look at
the periodic table:
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Did you notice anything at all? The atomic numbers of Hg and Pb are truly large! It
is well-known that large atomic numbers lead to large relativistic corrections. One can
understand the inversion by looking at the evolution of the energy levels (the band
edges actually) as relativistic terms are added to the unperturbed Hamiltonian, H0
(which is simply kinetic term + lattice potential).
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Notice how the HR term, known as the mass-velocity correction, affects the s band of
HgTe. Next, spin-orbit interactions split the p level (because p has l = 1, s = 1/2 and
thus j = 3/2, 1/2; since the degeneracy is 2j + 1, spin-orbit coupling has thus led to a
a quadruplet (symmetry Γ8 ) and a doublet (symmetry Γ7 )).
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The Γ7 band is typically known as the split-off band, while the Γ8 band is degenerate
at Γ, but splits into the heavy-hole band (that with less curvature, thus higher
effective mass) and the light-hole band (the opposite).
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So in both cases, the heavy hole band remains the valence band, while what used to
be the light hole band in CdTe is inverted with the one that used to be the conduction
band, the Γ6 band. Hence, we have got a unique inversion at a single point of the
Brillouin zone of bands with opposite parity, since these are s and p bands!
So, we have a topologial insulator? I’m afraid we don’t. Look at HgTe. Is there an
energy gap between the valence and conduction bands? Nope. Then, bulk HgTe is a
topological semimetal.
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Hey, but don’t panic, there has been a lot of fuss around HgTe/CdTe quantum wells,
so there must be something in there. Otherwise we would’t have devoted any slide
whatsoever to these materials. Remember the case of graphene? It is a semimetal and
we wanted to open up a gap to turn it into an insulator, so that we could indeed call
it an insulator. That is exactly what we need now, an energy gap. How can we
achieve this? Creating a quantum well, which lowers the point group symmetry.
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The following image shows the band edge profile and the two lowest electronic (E)
and hole (H) subbands that arise due to confinement when the quantum well is
created. If the well is not thick enough (left), CdTe predominates and the ordering of
the subbands is the normal one, coming from the normal ordering of CdTe. However,
we know that the thicker a quantum well is, the lower the energy levels are. Then, if
the quantum well is thick enough, the E1 level goes down and the H1 level goes up.
Hence, there must be a critical thickness, dc where the two become degenerate, and
then reopen again. We have then band inversion + energy gap: exactly what we were
looking for!
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This situation cannot be achieved with a typical quantum well, because in that case
there is no way for electronic or hole subbands to invert with respect to each other
because there is an energy gap that prevents them of doing so.
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A k · p calculation shows the inplane bandstructure of the E1 and H1 subbands.
Notice that there is a point where the two bands become degenerate, and then reopen
again. Red or blue indicate the symmetry of the wavefunction which clearly changes
when the gap is reopened.
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Bernevig Hughes and Zhang devised a model for this system using the Kane model
and perturbation theory. We will give symmetry arguments to explain the model, but
before let us find the basis that we shall use to derive it.
Zincblende (diamond lattice with different sublattices) semiconductors have s-type
and p-type bands. Because of spin-orbit coupling it becomes necessary to consider the
total angular momentum, J. The s-band has L = 0 and as such J = 1/2. On the
other hand, the p-band has L = 1, and so J = 3/2, 1/2. The s-band is usually the
conduction band and is denoted by Γ6 . Because J = 1/2, then there are states
|Γ6 , mJ = ±1/2i. The p-band is split into two bands, one with J = 3/2 named Γ8 ,
which also splits into heavy hole |Γ8 , mJ = ±3/2i and light hole |Γ8 , mJ = ±1/2i and
another split-off band with J = 1/2, named Γ7 , which is sufficiently low in energy so
as to neglect it in the Kane analysis. The Γ8 band is usually the valence band. In
HgTe, as we already saw, the Γ8 and Γ6 bands are inverted.
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When quantum wells are built, subbands emerge from these 3D bands due to quantum
confinement. The electron-like bands are labeled as E , heavy-hole as H and light hole
as L. We consider the lowest subbands as these are the ones that are inverted when
the quantum well is built. These are the E 1, H1 and L1. The L1 band is sufficiently
separated from the first two and it is neglected in the effective model. Using the fact
that at the Γ point with kk = 0, mJ is still a good quantum number, then the
|E 1, mJ = ±1/2i is obtained as a superposition of the |Γ6 , mJ = ±1/2i and
|Γ8 , mJ = ±1/2i, whereas the |H1, mJ = ±3/2i is formed from the |Γ8 , mJ = ±3/2i
state.
Away from Γ, H1 and E 1 can mix. These effects are included in the effective model as
perturbations. The leading order of k depends on symmetry arguments, as we present
below. Notice also that at the Γ point (a TRIM), due to T symmetry, the states are
degenerate due to Kramers’ theorem, and so |E 1, ±i represents a pair of Kramers’
partners and |H1, ±i represents another pair of Kramers’ partners.
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The basis that we shall be using is then {|E 1, +i, |H1, +i, |E 1, −i, |H1, −i}. The +
will refer to spin up and the − to spin down. For instance, |H1, +i comes from the
|Γ8 , mJ = 3/2i, or what is the same it comes from spin-orbit coupled p orbitals
|px + ipy , ↑i, whereas the |H1, −i comes from | − (px − ipy ), ↓i. On the other hand,
the |E 1, ±i and |H1, ±i have opposite symmetry. Using symmetry arguments we can
obtain the form of the matrix elements:
• Between same elements of the basis, e.g. between |E 1, +i and itself: even terms
in k are present and we will keep up to k 2 .
• Between |E 1, +i and |H1, +i: these are of opposite parity and therefore only
terms odd in k are allowed. Moreover, because |H1, +i comes from |px + ipy , ↑i,
the matrix elements should be of the form kx + iky . The same for |E 1, −i and
|H1, −i but with kx − iky .
• Between + and − states of the same subband (e.g. |E 1, +i with |E 1, −i: these
are zero because they are degenerate pairs and therefore they must be orthogonal.
• Between + and − states of different subbands (e.g. |E 1, +i with |H1, −i): these
would induce higher order processes coupling + and − states of the same
subband, breaking the degeneracy due to T -symmetry, and so these are not
allowed as well.
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The Hamiltonian is then finally,
H=

h(k)
0

!
0
,
h∗ (−k)

with
h(k) = (k)12 + d(k) · σ ,
where
(k) = C − D(kx2 + ky2 ) , d(k) = (Akx , −Aky , M(k)) , M(k) = M − B(kx2 + ky2 ) ,
where A, B, C , D, and M are material parameters that depend on the QW geometry,
and the zero of energy is chosen to be the valence band edge of HgTe at k = 0.
This is the Bernevig-Hughes-Zhang (BHZ) model. As said before, it can be
determined directly from perturbation theory on the kk = 0 Kane model as well, but
the symmetry arguments help to understand the physics.
• B: Newtonian mass; it is allowed because the system is nonrelativistic (quadratic
dispersion). B < 0.
• M: Dirac mass; it is the energy difference between E 1 and H1 at the Γ point, so
it changes sign at dc .
It can be shown that the sign of M/B determines the topological phase. If M/B = 0,
the system is at the critical point. If M/B > 0 it is inverted and M/B < 0 is normal.
Explicit calculations of the edge states show that these can only occur if M/B < 0.
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When solved on a cylinder geometry with open boundary conditions, a pair of edge
states with opposite spin per edge is found in the d > dc phase.
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The BHZ model ignores bulk inversion asymmetry, which is naturally present in HgTe
because of the zincblende structure. Up to linear order in k this term is given by


0
0
∆ e k+
−∆z
 0
0
∆z
∆h k− 


HBIA = 

∆e k−
∆z
0
0 
−∆z
∆h k+
0
0
where now there is coupling between different ± elements. There can also be
structural inversion symmetry (SIA) breaking due to the application of an electric
field, leading to a Rashba term:


0
0 iξe k− 0
 0
0
0
0


HSIA = 

−iξe∗ k+ 0
0
0
0
0
0
0
It is linear in k for the electron band. In the heavy hole case there is a cubic term
which is neglected.
These two terms do not break T symmetry, so topological protection is still there.
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The BHZ model is not limited to HgTe/CdTe quantum wells. In fact, a model for 3D
topological insulators is too different. But there is another 2D case that deserves
attention: double quantum wells of InAs/GaSb/AlSb.
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The hybridization is better displayed here:
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This system can be modelled using the BHZ model too, but now the Rashba term is
naturally there even in the absence of an electric field: structure inversion symmetry is
absent even in the absence of an electric field.
Once again, solving in a cylinder geometry with open boundary conditions in the
y -direction and periodic boundary conditions in the x-direction, the edge states are
obtained.
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The nice thing about this system is that instead of a single thickness, we can tune two
thicknesses to obtain a QSH phase.
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Moreover, since there is a large built-in electric field, the band structure and the Fermi
level can be adjusted using a gate voltage. In order to tune the relative position
between the E 1 and H1 band edges and the Fermi level (such that it lies inside the
gap), we need two gates (as was shown in the figure above).
Fixing the thicknesses, the following phase diagram shows regions of QSH phase
(I,II,III) and NI (IV,V,VI). I and IV are p-doped, III and VI are n-doped, and II and IV
have ther Fermi level in the bulk gap.
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In 2007, the group of Prof. Molenkamp were the first to report the experimental
discovery of the QSHE.
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The first question that one must answer is: how can we know that our sample is in
the inverted regime? One possibility is to perform quantum Hall experiments. In order
to do so, one can take the BHZ model, perform a substitution k → k + eA, define new
momentum operators, creation and destruction operators, etc. (Details can be found
on König, J. Phys. Soc. Jpn. 77, 031007 (2008)). Each 2 × 2 block of the BHZ
model leads to a Landau level spectrum. It can be shown that there are two zero
(meaning σxy = 0) lowest Landau levels (closest to the Fermi energy) for each
spectrum respectively are given by
s
D −B
~
D +B
,
E− = C − M −
,
lc =
,
E+ = C + M −
lc2
lc2
eB⊥
being B⊥ the perpendicular magnetic field. Notice that each spin zero mode (±) has
a different energy.
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Then, the separation between those levels are
E+ − E− = 2M −

2B
.
lc2

When is E+ − E− = 0? When the perpendicular magnetic field is
c
B⊥
=

~M
.
eB

Recall that the factor M/B determines whether the system will be or will not be in the
inverted phase. If M/B > 0, then it is inverted, M/B < 0 is normal and M/B = 0 is
critical and the inplane dispersion relation was a Dirac cone.
c > 0 the system will be inverted.
Hence, if B⊥
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k · p calculations show that this is indeed the case!
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How does the Landau level fan chart actually look like? Well, first it must look like
√
that of a relativistic Hamiltonian, that is, it goes with B⊥ instead of linear with B,
because the BHZ model is like a massive Dirac Hamiltonian. On the other hand, the
E+ level and E− level will bend upwards or downwards depending on their electron or
hole-like character, which depends on the thickness (if there is or there is no inversion).

144

Molenkamp’s group (2007); HgTe/CdTe QW Experiments

145

Molenkamp’s group (2007); HgTe/CdTe QW Experiments
This is observed in magnetotransport experiments.
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Let us now turn our attention to measurements at zero magnetic field, where we
assume that a characterization like the previous one has already been done. We are
then in a regime such that there should only be helical edge states. Just like we did in
the QHE, we will use the Landauer-Büttiker formalism to determine the longitudinal
and Hall resistances.
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Büttiker-Landauer:
• Iiσ : current flowing in/out of the i-th contact. Carriers of spin σ =↑↓.
• Ii : current flowing in/out of the i-th contact. Ii = Ii↑ + Ii↓ .
• µi = eVi : chemical potential of i-th contact.
• Tj←i = Tjiσ : transmission probability from contact i to j for spin σ.
The usual Landauer-Büttiker formula contains a factor of 2 due to the degeneracy of
spin. Here we separate the two contributions:
Ii = Ii↑ + Ii↓ =

i
e2 X h σ
σ
Tj←i Vi − Ti←j
Vj
h j6=i,σ

which satisfies
I =

X

Ii = 0

i
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Edge states
Example: six-terminal Hall bar with 2 helical spin channels.

In the QHE we had that Ti+1→i = 1, the rest zero (chirality). Here, we have
↑
↓
counterpropagating ballistic spin currents, and so Ti+1→i
= 1 and Ti−1→i
= 1, the
rest zero. Hence, it is as if we had two QHE systems and in fact if we study the
contribution for Ii↑ and Ii↓ we obtain the same we did in the QHE. Thus, if the
Landauer-Büttiker formula is written in a matrix form, like we did for the QHE, the
matrix of transmission probabilities must be symmetric.
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Example: six-terminal Hall bar.

Inject current I in 1 (I1 = I , V1 = V ), collect in 4 (ground 4; I4 = −I , V4 = 0).


I
2
0
−1
 

0
e2 
 
 0
 =

−I 
h  0
 

0
 0
0
−1


−1
2
−1
0
0
0

0
−1
2
−1
0
0

0
0
−1
2
−1
0

0
0
0
−1
2
−1

 
V
−1
 
0 
 V 2 
 
0 
 V 3 
  .
0  0 
 
−1 V5 
V6
2
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Edge states
Example: six-terminal Hall bar.

As expected, the potential profile is symmetric around the current axis:
2
1
V2 = V6 = V ,
V3 = V5 = V
3
3
Hence, a measurement of the potential drop along the current axis will lead to a
nonzero measurement, in contrast to the QHE. This in turn will lead to a nonzero RL .
A measurement perpendicular to the current axis will lead to zero voltage difference
and, therefore, RH = 0.
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Example: six-terminal Hall bar.

The current from the results obtained above is
I =

2e 2
V
3h

Hence, as anticipated,
RL =

V2 − V3
V5 − V6
h
=
=
,
I
I
2e 2

RH =

V2 − V6
V3 − V5
=
=0
I
I
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This was measured (at zero magnetic field of course)! RL = R14,23 = (V2 − V3 )/I14
was calculated before. The region where RL increases corresponds to the Fermi level in
the energy gap. This is our region of interest (Vthr is the voltage corresponding to the
maximum of resistance).

• Sample I: d < dc . Trivially small G = 0.01e 2 /h, an ordinary insulator.
• Samples II, III, IV: d > dc . G increases and in samples III, IV it is quantized as
G = 2e 2 /h, as we predicted. Sample II is a bit large,
(L × W ) = (20.0 × 13.3) µm2 and thus G is not quantized, but it is smaller than
I. III and IV are shorter, (1.0 × 1.0) µm2 and (1.0 × 0.5) µm2 .
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The helical nature is further shown in non-local transport measurements, where the
measured values of Rij,kl fit perfectly with those obtained using a Landauer-Büttiker
approach, just like we sketched above. Here, V ∗ = V − Vthr as before.
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We will finalise this course with the robustness of the QSH phase to a magnetic field
in HgTe/CdTe quantum wells. For that matter, let us consider the large sample in the
inverted regime that we described above, namely, sample II.
If we apply a magnetic field and vary the angle with respect to the sample, we can
observe a strong dependence of G on this angle.
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Why is this so? Well, first thing we have to know is that a magnetic field breaks T
symmetry and, therefore, it opens up a gap between the helical edge states. However,
the magnitude of this gap depends crucially on the direction of the magnetic field. It
can be shown that
orb
Zeeman
Egap⊥ = Egap⊥
+ Egap⊥
Zeeman
Egapk = Egapk

where the orbital term is only different from zero in the ⊥ case, because r × j ∝ ẑ.
Numerical calculations show that for a QW of thicnkess d = 7 nm and magnetic fields
of 1 T, Egap⊥ = 3.1 meV, whereas Egapk = 0.3 meV. Since the Zeeman contributions
are roughly the same order, the difference must lie in the orbital term. Using the BHZ
model with the BIA term, the orbital contribution can be estimated as
orb
Egap⊥
∼

e ∆A2
|B⊥ |
~ M2

which leads to an effective g -factor of about 50!
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